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A calculation of the photon fission cross section in the Coulomb field of a nucleus reveals that the 
real part of the transition amplitude is the predominant contributor for photon energies up to 
2 MeV. Since it is just this part that is associated with the fourth-order vacuum polarization process, 
it is suggested, given the present developmental state of laser technology, that coincidence experiments 
with photon fission might well afford a test of higher order quantum electrodynamics. 

Introduction 

While the excellent agreement of the Lamb shift calculations with the experi­
mental values (Triebwasser et al. 1953; Layzer 1960) is good evidence for the vacuum 
polarization predicted by quantum electrodynamics, it would be fair to say that the 
predictions concerning the scattering processes, namely photon-photon scattering 
(Delbruck 1933), photon fission and photon fusion, have barely been tested. The 
photon-photon scattering cross section is too small to be measured even with current 
laser techniques, and suggestions for enhancing it (e.g. Varfolomeev 1966) have 
not yet been performed experimentally. The imaginary part contribution in 
Delbruck scattering has been observed, but evidence for the real-part contribution 
is marginal (Ehlotsky and Sheppey 1964 ; Jackson and Wetzel 1969; Papatzacos and 
Mork 1975) and there are unexplained discrepancies between theory and experiment. 
The two experiments in which photon fission has been observed (Adler and Cohen 
1966; Jarlskog et al. 1973) are not in good agreement with theoretical predictions, 
and the theoretical results to date have given no separate values for the real and 
imaginary part contributions. 

While the photon fission cross section, whether in an external field or the Coulomb 
field of a nucleus, is smaller than the photon-photon cross section, experiments to 
observe photon fission do offer the possibility of coincidence measurements with all 
the consequent data processing advantages. For this reason, and to determine 
separate values for the real and imaginary part contributions to the cross section, 
we decided to study photon fission in the Coulomb field of a nucleus. 

Laser powers continue to increase, and Hughes (1978a, 1978b) has proposed a 
possible collective photon effect at high powers. Some evidence for an energy-density 
dependent photon energy effect in focused laser beams has been presented by 
Panarella (1977) and discussed by Allen (1977). Ifwe are to decide whether quantum 
electrodynamics is indeed correct, we must know its predictions so that we can 
check the theory. Thus a non-null experiment for photon fission using a laser, in a 
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situation where fission is predicted to be unobservable by quantum electrodynamics, 
might well be of significance. 

Finally, the splitting of photons in an external slowly varying electromagnetic 
field has been studied by a number of authors. Their results as applied to laser-laser 
interaction, or laser-y-ray interaction, are summarized in the next section. 

Photon Fission in a Slowly Varying External Field 

Any electromagnetic radiation field can be categorized by the two constants 
(E.H)2 and (E2_H2). From these a third constant r = (E2_H2)2+4(E.H)4 can 
be formed; when this constant is zero the field is said to be 'null' (Synge 1958). 
Plane electromagnetic wave fields are not only null but they are also 'wrenchless' 
(Synge 1958); that is, there is no Lorentz frame in which the fields transform to single 
component electric and magnetic fields having a common line. Null wrenchless fields 
remain so in all Lorentz frames, and therefore it is desirable to be able to treat the 
laser field at the focus of a lens as null and wrenchless. This will be so for 1 numbers 
greater than or equal to 1/4; below this value the vector nature of the electromagnetic 
fields becomes evident, and there are regions of the Airy cylinder where the fields 
are non-null (Richards and Wolf 1959; Boivin and Wolf 1965). 

In the optical region, the electromagnetic field F(E, H) is 'slowly varying'; that 
is, (Ii/me) I gradFI ~ I FI and (li/me2) I 8F/8t I ~ I Fl. This means that the field 
Lagrangian depends on the values of the field invariants at a given moment in time 
and coincides with the Lagrangian for a constant field with the instantaneous values 
for the field strength (Toll 1952; Bunkin and Tugov 1970). We can therefore treat 
the laser field at the focus of a lens ofl/4 or greater as a constant external field and can 
apply the results of Bialynicka-Birula and Bialynicki-Birula (1970). Papanyan and 
Ritus (1972) comment that only this work and one other (Adler et al. 1970) correctly 
preserve Lorentz, charge-conjugation and gauge invariance. 

Although it would seem that the fourth-order diagram (light-light scattering with 
external field at one vertex) would give the main contribution to the photon splitting 
cross section, it does not, and the process is essentially a sixth-order one, that is, 
it is proportional to rx6 , where rx = 1/137 is the fine structure constant. Thus it will 
be of the order of 10- 4 times the light-light scattering cross section. 

The Bialynicka-Birula and Bialynicki-Birula (1970) result for the transition rate 
Wis 

W = 0·07rx3(lkl/m)4(rxl QI2/m4)3Ikl, (1) 

where k is the wave vector for the incoming radiation and 

Q = nxE +nx (nx B), (2) 

with E and B the electric and magnetic fields for the 'constant' external electromagnetic 
field and n = k/I k I. Their calculated results are exemplified in terms of a mean 
free path of 1016 cm for 50 keY y rays (k/m ~ 10-1) and a magnetic field of 
1012/)(4n) G (1 G == 10- 4 T). 

Consider now a laser field whose power density is 1020 W cm - 2 (Hora et at. 1978a, 
1978b). Lorrain and Corson (1970) relate the average power flow Sav (in W m - 2) 
to the r.m.s. field Erm5 by 

Sav = 2·66x 10- 3 E/;n5· 
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From this relation and Bo = Eolc (for peak values), we have Bo ~ 109 G. Next 
assume I kim I = 1, that is, that O' 5 MeV radiation, say from electron-positron 
annihilation, is available. Substitution of these values in equation (1) indicates that 
the mean free path for this case is of the order of 1010 times that for the previous 
case. Thus the I Q 16 dependence of equation (1) is a very serious one. 

H should be commented here that the expression (1) used above is essentially for 
low energy incident photons. The more detailed work of Papanyan and Ritus (1972) 
gives a reciprocal photon lifetime with respect to splitting of 6 x 109 s for a 25 GeV 
photon in a field of 4 x 108 G. This is much more hopeful. However, the two-fold 
increase in power density implied by the '" 109 G field of a 1020 W cm - 2 laser 
would only increase this reciprocal lifetime by at most a factor of 2, according to 
their theory. 

What of the possibility of observing photon fission in two opposed laser beams? 
If we apply standard quantum electro dynamical techniques to the problem, the 
lowest order process again involves a sixth-order diagram and is such that, even 
with a laser field of power density 1020 W cm - 2, the process would be unobservab1e. 
The collective effects proposed by Hughes (1978a, 1978b) are ignored in such' a 
calculation, and it may be objected that single-photon calculations such as are used 
in quantum electrodynamics do not apply to lasers. However, we argue as follows. 
Suppose during the laser pulse that the field is in a pure coherent state I IX) (Glauber 
1963). This implies a Poisson distribution over the number states I n). As the mean 
<n) of the distribution increases, <n)~'I<n) decreases so that, for very large <n), as in 
high power lasers, the distribution is essentially <5(n - <n»), a Dirac delta function. 
Thus we can, to a good approximation, treat the laser field as being in the pure state 
I<n». The success of semiclassical (non-quantized field) coherence theory in pre­
dicting such effects as the splitting of resonance fluorescence on heavily pumping 
the levels (Grove et al. 1977), and the agreement in the low energy limit of quantum 
electrodynamics, the Euler (1936) approach and the work of McKenna and Platzman 
(1963), tend to support the above argument. 

Photon Fission in the External Field of a Nucleus 

It is assumed in these calculations that the rest energy of the nucleus is much 
greater than the energies of the photons. There is therefore no nuclear recoil and the 
external field is static and Coulomb. The process is inelastic in the sense th!H the 
number of photons present changes, but because the external field is static no 
energy transfer to or from the field is possible, and the energy in the initial one­
photon state must equal the energy in the final two-photon state. The transition 
amplitude for such a three-photon scattering process (see Fig. 1 below) has both a 
real and imaginary part. The imaginary part corresponds to the production and 
annihilation of real electron-positron pairs in the intermediate state (and is thus 
zero below the energy threshold for pair production) and the real part corresponds 
to the production and annihilation of virtual electron-positron pairs in the fourth­
order vacuum polarization process that constitutes the lowest order nonlinear 
interaction between electromagnetic fields. And since it is just this interaction that is 
germane to the adequacy of quantum electrodynamics, it is necessary to obtain the 
separate contributions to the photon fission cross section from the real and imaginary 
parts of the transition amplitude (and this without recourse to the method of the 
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analytic continuation of the pair-production cross section). The previous numerical 
results (other than those in the low and high incident photon energy limits where 
the cross section decreases and so is of limited interest) are due to Shima (1966) 
and he gives only the total cross sections. 

The transition amplitude for photon fission is, by analogy with Delbruck scattering 
(Jauch and Rohrlich 1976), 

<k3, k41 S(4) I k1) = (2k: o}l- (2k: o}l- (2k:o)!- e~,(kl) e1:(k3) e1:(k4) 

x f d3q A(e)v(q) n"vAuCkl' q, k3' k4) (j(3)(k1 + q+k3 + k 4) (j(klO + k30 + k40) , (3) 

where n"vM (kl' q, k3' k 4 ) is the fourth-rank vacuum polarization tensor, with its 
arguments kl' k3' k4 and q denoting the momenta of the incoming and outgoing 
photons and the virtual photon respectively, and A(e)v(q) is the external Coulomb 
field of a nucleus in momentum space, which is given by 

nV Ze 
A(e)v(q) = (2n)-3 /2 f A(e)V(x)exp(-iq.x)d3x = (2n?/2IqI2; 

with nV = (1,0,0,0). The quantities et(k j ) in equation (3) are photon polarization 
vectors. 

It is convenient, following Karplus and Neuman (1950) and de Tollis (1964), to 
express the transition amplitude, after integration over q, in the form 

2()(2 Ze 1 1 1 1 
<k3, k41 S(4) I k1) = in 2 (2n)3/2 (2klOY!- (2k30)t (2k40)t I kl +k3+ k 412 

x MA10A3)..(kl' q, k3' k4) (j(klO + k30 + k40) , 

where q = -kl-k3-k4 and 

MA10A3A4(kl' q, k3' k4) == (n2i/2()(2)e~,(kl) nV(q) e1:(k3) e~:(k4) n"vM(k1, q, k3' k4), 

the zero subscript indicating the position of the external field polarization nV(q). 
The polarization amplitude MAloA3A4 is made up of three terms, each corresponding 
to the sum of two equal diagrams of the kind shown in Fig. I: 

where 

with 

and 

MA10A3A.(kl' q, k3' k4) = M~~6A3A.(kl' q, k3' k4) +M~~6A4A3(kl' q, k4' k3) 

+ M~~LA30(kl> k4' k3' q), 

M~~6A3A4(kl' q, k3' k4) = 4~2i f d4p Tr{eA,(kl) SF(Pl) eiq) SF(P2) 

x e Ai k3) SF(P3) e A4( k4) SF(P 4)} , 

SF(P) = (p+im)/(p2 +m2) 

PI =p, P2 = p-q, P3 = P+k4 +k3' P4 = p+k1 ; 

(4) 
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note that here a circumflex notation a == y"a" has been used in lieu of the normal 
'slashed' notation. 

Since there is only one particle in the initial state in photon fission, the total 
cross section to lowest order is 

_ (2n)2 (Ze)24ct4"" 1 IMAloA3A412£5(klO+k30+k40)' (5) 
(J - (2)3 4 1.... 1.... 1 1_ • 1_ ,1_ 14 n n i f 

For photons of specific polarizations, and for final photons scattered into the 
momentum ranges (k3' k3 + dk3) and (k4' k4 + dk4), the summation over the initial 
states i is not necessary and the summation over the final states/becomes an integra­
tion over d3k3 = k~odk30dQ3 and d3k 4 = k~odk4odQ4' The delta function enables 
the integration over dk4o , say, to be performed, giving the differential scattering 
cross section 

d 3(JAIOA3A4 

dk30dQ3 dQ4 

ct3Z2r~m2 1 k30k40 2 
n4 Ikl +k3+ k 414 ~ IMAIOA3A.1 

(6) 

with klO+k30+k40 = ° (here ro = ct/m). For unpolarized photons, an average 
over the initial polarization directions and a sum over the final polarization directions 
must be taken. 

k4 

kl 

Polarization Amplitudes 

k3 

q 

Fig. 1. Diagram for the partial 
amplitude MR6;'3;'4 (kt, q, k3' k 4 ). The 
polarization amplitude M;'IO;'3;" is made 
up of three terms, each corresponding 
to the sum of two equal diagrams 
of this type. 

The calculations can be facilitated by employing the centre-of-momentum frame 

kl +q = k3+k4 = 0, (7a) 

even though this means, if the external field is to remain static and Coulomb in it, 
that the momentum orientations are restricted to those for which the centre-of­
momentum and laboratory frames coincides. All photons are taken as outgoing: 

k 1,,+q/.+k3,,+k4/l = 0, (7b) 

with kf = 0, that is, kiO = I kd (i = 1,2,3) and qo = 0 because the external field 
is static. 

The photon three-momentum directions are chosen so that the scattering is in 
the (x, z) plane in momentum space and kl and q are in the z direction. Then, 
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because of equation (7a), we have 1 k31 = 1 k41 = k, say, and thus equation (7b) 
gives 

k 10 = -2k, qx = 0, qz = -klO = +2k, 
so that 

kl = (-2k, 0, 0, -2k), q = (0,0,0, +2k), (8a) 

k3 = (+k, +ksinO, 0, +kcosO), k4 = (+k, -ksinO,O, -kcosO), (8b) 

with 

o = arccos(q. k3j2k2) = arccos(k1 • k4j2k2) . 

The differential cross section in this frame reduces to 

d O'AIO.h'4 = __ 0_ _ 1 MAIOA3A.(, . 3 rx3r2 Z2(m)3 k 0) 12 
32n4 m k 

(9) 

With the above momentum components, the kinematic invariants r, sand tare 

r = -(kl +q)2j4m2 = -(k3+k4)2j4m2 = +k2jm2 , (lOa) 

s = -(kl +k3)2j4m2 = -(k2 +k4)2j4m2 = -(2k2jm2)sin2 tO, (lOb) 

t = -(kl +k4)2j4m2 = -(k2+k3?j4m2 = -(2k2jm2)cos2!O, (lOc) 

with 2r+s+t = O. 
The gauge is chosen so that the polarizations for the free photons are purely 

transverse and have zero time components while the polarization for the external 
photon has a purely time component. Thus, with eAli) == eAlk i), the linear polari­
zations are: 

(i) normal to the scattering plane, 

e1(!) = e1(3) = e1(4) = (0,0, 1,0); (lIa) 

(ii) parallel to the scattering plane, 

eil) = (0, -1,0,0), e2(3) = -e2(4) = (0, -cosO, 0, sinO); (lIb) 

with 
e1(i) X ezCi) = k i (i = 1,3,4) (llc) 

and, for all possible polarizations, 

n(q). eAi}) = O. (lId) 

The integrals of the partial amplitudes Mi!6A3A4 over the momentum p of the 
intermediate state can be evaluated using Feynmann parameterization (Jauch and 
Rohrlich 1976). There are divergent contributions from p4 terms in the numerator 
but their coefficients vanish because of the condition (lId) for all polarizations 
(Lindsey 1975). 
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The required partial amplitudes M(1) ultimately reduce to the expressions given 
in Tables la and Ib (Lindsey 1975), where the transcendental functions B, T and 
L are such that 

Ib(r)-II Re(B(r)) = -I --!-b(r)log b(r) + I ' for all r, (l2a) 

Im(B(r)) = --!-nb(r) if r ~ I, (l2b) 

= 0, otherwise; (12c) 

Re(T(r)) = tIOg21~::i;~I' for all r, (I3a) 

Ib(r)-II ' Im(T(r)) = -!-nlog b(r) + I = -narcoshr2 , if r > I, (I3b) 

= 0, otherwise; (I3c) 

1 {( a + 1) (a + 1 ') .( a-I ) Re(L(r,s, -1')) = - 2ars Re J a+b(r) +J a-b(r) -j a+b(r) 

( a-I) (a+l) (a+l) -J a-b(r) +J a+b(s) +J a-b(s) 

( a-I) (a-I) (a+I ) -J a+b(s) -J a-b(s) -J a+b(-r) 

( a+l ) (a-I ) (a-l )} -J a-b(-r) +J a+b(-r) +J a-b(-r) ,(14a) 
for all r, s, and 

n la+b(r)1 Im(L(r,s, -r)) = - 2ars log a-b(r) , 

= 0, 

In these expressions, 

if r~I, s<l, 

if ° < r < I, s < 1. 

b(r) = (1-r-1)t, a == a(r,s) = {l-(2r+s)/rs}t, 

(I4b) 

(14c) 

and the quantity I(x) appearing in the real part (14a) is the Spence or dilogarithm 
function 

J(x) = -f: C110gII-~ldC 
for which values have been tabulated (Mitchell 1949; Lewin 1958). The function 
L(t,s, -r) = L(t,s,-!-(s+t)) is obtained from L(r,s, -r) with the substitutions 
r ~ t and -r ~ -!-(s+t). 
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Cross Sections for Photon Fission 

The photon fission cross section can be evaluated from Table 1 and equations 
(12), (13) and (14) using equation (9) and 

M2011(r,s,t) = M~1Jll(r,s) +M&1Jll(r,t) +MWIO(t,S) , (15a) 

M1021(r,s,t) = Mm21(r,s) +Mm12(r,t) +M~~)lO(t,S), (15b) 

M lO12(r,s,t) = MmuCr,s) +Mm21(r,t) +MP!20(t,S) , (15c) 

M 202 z(r,s,t) = MW22(r,s) +MW22(r,t) +MW20(t,S). (15d) 

Considerable simplification occurs in the special case in which the final two 
photons are oppositely directed and perpendicular to the incident photon beam, 
that is, when e = !-7r or t = s = - r. Because of the symmetry properties of the 
partial amplitudes, one then gets 

M 2011 = M 2022 = 0 and M 1012 - MlO21 . 

Moreover, in this special case, the expression for M1021 reduces, in the low and 
high energy limits, to the simple forms (Lindsey 1975) 

MlO21 ~ -itr2, r ~ 1, (16) 

and 

ReMlO21 ~ -1- + /47r 2(2-r-l) -fr-1log4r +ir-l(log4r)2, r ~ 1, (17a) 

ImM1021 ~ 7r{1 +t(2+r-1)log4r +(1 +r-l)log2r} , r ~ 1, (17b) 

with r == (k/m)2. The low energy limits are in agreement with the work of McKenna 
and Platzman (1963). The results of the exact cross section calculation when 
e = !-7r are shown in Figs 2a and 2b as a function of incident energy. Extrapolations 
from the low and high energy approximations (16) and (17) are included there for 
comparison. 

Discussion 

The results in Fig. 2a show that the real part of the transition amplitude con­
tributes more than 70 % of the fission cross section in the region of maximum cross 
section, and it is only where the cross section falls to below 20 % of its maximum 
value that the imaginary part of the transition amplitude takes over as the predominant 
contributor. It follows that the observation of photon fission would be a genuine 
confirmation of the nonlinear interaction of electromagnetic fields. 

The total differential fission cross section is a maximum at an incident photon 
energy of 2k/m = 2· 6 (== 1· 33 MeV) and, for lead, it has the value 

d3a/dkdQ3 dQ4 = 1·90 X 10- 32 cm2 sr- 2 MeV-I. 

This is nearly the same order of magnitude as the maximum basic (i.e. photon­
photon) nonlinear interaction cross section (also at incident energies of about 1 MeV). 
Thus the presence of the external field enhances that interaction much less than in the 

t 
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case of Delbruck scattering, where the maximum cross section is of the order of 
103 that for photon-photon scattering. However, because there are two photons in 
the final state in photon fission, coincidence counting and appropriate biasing of 
counters enables the contributions of competing processes of comparable size (mainly 
double Compton scattering and random coincidence single Compton scattering) to 
be greatly reduced (Bolsterli 1954; Talman 1965). 
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Fig. 2. Variation with energy of the calculated cross section for photon fission (a) in 
the range O· 3 ,,; kim,,; 10 and (b) in the high energy limits. The results shown are for the 
linear polarization amplitude M1021 in the case when the two emitted photons are oppositely 
directed and B = tn. Extrapolations from the low and high energy approximations (16) 
and (17) are compared with the exact results in (a) and (b) respectively. 

Hughes (1978a, 1978b) has suggested a technique whereby electron-positron pairs, 
or muon pairs, can be 'leaked' into the focal area of a suitable cavity that is designed 
to receive high power laser pulses. If these pulses are of sufficiently high power 
they can strip nuclei of their electrons, which can then be removed by a suitable 
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DC electric field. Maximum laser powers continue to increase, and laser and optical 
technology continues to improve. In view of the 'collective photon effect' theories 
of Panarella (1977), with some support for his findings by Allen (1977), and of 
Hughes (1978a, 1978b) we suggest that photon-fission experiments using lasers should 
be undertaken. 
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