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Abstract 

Electron swarm parameters such as the drift velocity, diffusion coefficients and ionization rates have 
been calculated by many authors. However, the values obtained for most parameters depend upon 
the type of experiment under consideration, so that, for a given gas and a fixed value of E/ N, differ­
ences are obtained for steady-state Townsend, pulsed Townsend and time-of-flight experiments. 
It is shown that this is an unnecessary complication since each experiment can be analysed in terms 
of time-of-flight parameters. It is proposed that calculated parameters should be presented in a manner 
which would assist not only in the analysis of the above experiments but also in other swarm studies 
in progress. 

1. Introduction 

Thomas (1969) suggested that the value of a swarm parameter is different in 
steady-state Townsend discharges from the value applicable to a pulsed Townsend 
experiment. This idea has been developed in a systematic manner by Tagashira 
et al. (1977) for steady-state Townsend (SST), pulsed Townsend (PT) and time-of­
flight (TOF) experiments. Subsequently, several authors have published calculated 
values of SST, PT and TOF parameters while in other instances values are quoted 
without reference to any particular experimental system. 

The introduction of these various coefficients has highlighted the need for care 
when comparing calculated and observed quantities. However, many of these param­
eters are unnecessary since 

(a) both SST and PT experiments can be analysed in terms of TOF parameters; 

(b) published values of experimentally observable transport coefficients and ion­
ization rates are all TOF parameters (other quantities such as the first Townsend 
ionization coefficient IXT can be expressed in terms of TOF parameters); 

(c) the SST and PT parameters are related to TOF parameters. 

In the present paper the relationship between TOF and other transport parameters 
is discussed. To facilitate comparison with the work of Tagashira et al. (1977) a 
one-dimensional swarm under uniform electric field conditions is analysed using a 
two-term Legendre polynomial expansion for the electron velocity distribution 
function. 
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2. The Continuity Equation 

The macroscopic electron swarm parameters are connected to the collision cross 
sections by means of the Boltzmann equation in which the electron distribution in 
configuration and velocity space is described by the probability distributionf(r, v, t). 
In the two-term Legendre series expansion this is represented as 

fer, v, t) = fo(r, v, t) + It (r, v, t) P 1 (cos 0), 

where 0 = 0 is in the direction of the local convective velocity of electrons with speed 
v. The electron concentration is then 

nCr, t) = f: 4nv2/0(r, v, t) dv . 

By following standard procedures, an equation for fo(r, v, t) can be obtained [c.f. 
Huxley and Crompton (1974), equation (5.41)]: 

0/0 ( v2 veE 0/0 ) 1 0 . 
-;:- - \1. -3 \1/0 + -3 --;-' + 4-----r-;-{uE(v)-ucoll(v)} 
ut Vm mVm uV nv uV 

= {Vi(V)-Va(v)}/o, (1) 

where Vm = NQT v, Vi(V) = NQi v and va(v) = NQa v (assuming a two-body attach­
ment process). Here N is the neutral gas concentration, Qi and Qa are the ionization 
and attachment cross sections, and QT is the sum of the elastic momentum transfer 
cross section and all inelastic cross sections (implying isotropic scattering for inelastic 
collisions). The last term on the left-hand side of this equation represents the rate­
of-change of number density in an element dv of velocity space. The details of this 
term are not of importance in this work since it does not contribute to the continuity 
equatiori in configuration space. Electron creation and loss processes are explicitly 
contained in the right-hand side of the equation. 

Multiplying equation (I) by 4nv2 dv and integrating over all speeds, we obtain 

on(r, t )/ot + \1 . r(r, t) = nCr, t){ vier, t) - va(r, t)} , 

where the particle flux is 

r(r, t) = -4nE!.- - ~ dv - \1 4n -/0 dv f 00 v3 oj; (f 00 v4 ) 

m 0 Vm uV 0 Vm 

and 

vi,a(r, t) = 4n fooo 
v2 Vi,a(V)/o dv/n(r, t) 

are the local ionization and attachment rates. 
The particle flux can be written as 

r(r, t) = nCr, t) W(r, t) - \1 {n(r, t) D(r, t)} , 
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where the 'local' drift velocity and diffusion coefficient are defined by 

e Joo v3 010 W(r,t) = -4n-E --dv/n(r,t), 
m 0 Vrn ov 

J
OC! V4 

D(r,t) = tn -10 dv/n(r, t). 
o Vrn 

For a one-dimensional swarm with the electric field E in the -z direction, the 
continuity equation becomes 

on(z,t) 0 OZ I. 
-", - + -;-{ nez, t) W(z, tn - -z{n(z, t) D(z, t)} = nez, t)(Vj(z, t)- va(z, t)} . (2) 

ut uZ oz 

It remains to determine lo(z, v, t) from equation (1). This can be accomplished 
in the hydrodynamic regime by expanding the distribution in a series of powers of 
the spatial gradient of the number density (Skullerud 1969). In the following work 
it is assumed that lo(z, v, t) is known and, after transforming to the kinetic energy 
~mvz = e as an independent variable, can be written as: 

. 1 on(z, t) 1 oZn(z, t) . 
10(z, e, t) = n(z, t) Go(e) - - -",- Gl(e) + 2: 0 Z Gz(e) - ... , (3) 

N uZ N z 

with 

Jooo Go(e) de = 1 and JoW Gn(e) de = 0, n =I 0; 

and Gn(e) are known functions. The factors liN, l/N z, ... are explicitly included to 
make the Gn(e) independent of gas concentration (Parker and Lowke 1969). If we 
put VI = (2/m)t, then 

. EeJOC! e 0 { .1. } n(z, t) W(z, t) = -tV! - - - e- 2 10(Z, e, t) de, 
N 0 QT oe (4a) 

VI fOC! ef 
nez, t) D(z, t) = - --10(Z, e, t) de, 

3N 0 QT 
(4b) 

nez, t) vj,a(z, t) = V! N IOC! Qj,a ef lo(z, e, t) de. (4c) 

Using equations (3) and (4), equation (2) can be expressed in the following manner: 

on 0 ( on oZn ) OZ ( on) ;) +;;- nWo -DJl- +SJl-Z - ... - -Z nDo -SD- + ... 
ut uZ oz OZ GZ OZ 

on oZn 03n 
= n(viO -vaO) -(Wj - Wa);- +(Dj -Da);;--2 -(Sj -Sa)~ + ... , (5) 

uZ uZ oz 

where the constant coefficients are defined by 
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ViO,aO = VI N {ctO Qj,a et Go(e) de, 

_ I Ee f OC! ea. -t } Wo - -"3V1- - -;-te Go(e) de, 
N 0 QT ve 

Wj,a = VI foOC! Qj,aetG1(e) de, 

.i 

- ~fOC! ~Go(e) de, 
Do - 3N 0 QT 

D" = _ ~ Ee f OC! ea. _. 
3N N 0 QToe{B 2GI(e)}det , 

v fOC! Dj,a = ~ 0 Qj,a et Gie) de, 

_ V1 fOC! et GI(e) de, 
SD - 3N2 0 QT 

(dimension T - I) 

(dimension L T- 1 ) 

(dimension L2 T- I) 

S =_~EefOC! eo _.1. 

" 3N2N 0 QToe{e 2 Gie)} de, (dimensionL3 T- 1) 

_ V1 fOC! t Sj,a - N 2 0 Qj,a e Gie) de. 

3. Application to Experiment 

The continuity equation as expressed by equation (5) can be applied to the analysis 
of various situations. 

(a) TOF Experiment 

In this experiment nez, t) or some closely related quantity is measured. The 
appropriate differential equation for nez, t) is obtained from equation (5) by collecting 
together terms in nez, t) and its derivatives to obtain 

an an o2n 03n 'h' d d' .) ( ) - + W --DL - 2 +S-3 +( Igher or e1' envatlves = n viO-vao , at oz oz OZ 
(6) 

where the TOF transport parameters are 

W= WO+Wj-Wa, 

DL = Do+D,,+Dj-Dv 

S = SD+S,,+Sj-Sa' 
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These parameters correspond to the TOF transport parameters given by Tagashira 
et al. (1977) [cf. equation (11) of their paper with An = 0 and Fn(e) = ( -1/N)nGn(e)], 
in addition to the rate coefficients ViO and VaO' For an isolated swarm, Wa is the 
instantaneously averaged velocity of all the electrons in the swarm, while W is the 
velocity of the centre-of-mass of the swarm. This W differs from Wo since ionization 
adds relatively more electrons at the front of the swarm (cf. Blevin et al. 1978), while 
attachment may either increase or decrease the centre-of-mass velocity relative to 
Wa depending on the energy dependence of the attachment cross section (if three­
body attachment occurs then W will show a pressure dependence also). The 'isotropic 
diffusion coefficient' Da is equal to the transverse diffusion coefficient DT in a three­
dimensional swarm in the absence of ionization or attachment. However, production 
or loss processes will modify DT so that it is no longer equal to Da (Tagashira et al. 
1977). The difference between the longitudinal diffusion coefficient DL and Do is 
produced by spatial variations in the electron mobility Dp and ionization and attach­
ment rates Di and Da. The rate coefficients ViO and VaO are swarm-averaged quantities. 

Usually TOF experiments are analysed by neglecting terms of higher order than 
the second spatial derivative of n in equation (6), i.e. 

an an a2n; 
at + W az -DLaz2'=n(ViO-Vaa) , (7) 

with a solution for an isolated source at z = 0 and t = ta, 

n(z, t-ta) = naexp{(ViO-Vaa)(t-ta)} 

x exp[ - {z-- W(t-to)}2/4DL(t-ta)]/{4nDL(t-ta)}t. 

To the same degree of approximation, an SST experiment can be modelled by 
integrating this distribution over all source times - 00 < ta ~ t (Huxley and Crompton 
1974), giving in the one-dimensional case 

n(z) = cexp(aTz), (8) 

where c is a constant. 
The value of aT obtained by this procedure can be obtained by using equation 

(8) in (7) to give 

W {( W)2 ViO-Vaa}t 
aT = 2DL - 2DL . - DL ' (9) 

so that the SST parameter aT can be expressed in terms of TOF parameters. 

(b) SST Experiment 

An alternative approach to the SST experiment can be given by using equation 
(8) in (5) to give 

n(z, t) W(z, t) = n(z, t)(Wa -aTDp +aiSp - ... ) 

= n(z, t) WSST ' 
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where 

WSST = Wo -rxTD,. + rxi S,. - .... 

Similarly, we get 

DSST = Do -rxTSD + ... , 
(Vi)SST = ViO -rxT Wi +rxiDi -rx~Si + ... , 
(Va)SST = VaO -rxT Wa +ociDa -rx~Sa + ... . 

The continuity equation then becomes 

dn d 2n 
WsSTd- -DsSTd~ = n(vi-va)SST' 

z z ' 

Again, using equation (8) we have 

(W) {( W)2 (V'-V) }t 
OCT = 2D SST - 2D SST - ~ SST 

(10) 

(11) 

(12a) 

(12b) 

(13) 

This apparently gives a different result from equation (9). However, OCT is contained 
in the definitions of the SST parameters and if terms involving S and higher deriva­
tives are neglected (as assumed in the TOF case), the values of rxT obtained from (9) 
and (13) are identical. Since WSST> DSST and (Vi,a)SST are not experimentally observable 
quantities it would seem that their continued use is not warranted. 

(c) PT Experiment 

This experiment depends on the motion of an electron swarm between two elec­
trodes and the manner in which this changes the external circuit parameters. If the 
inter-electrode capacitance is C and the external series resistance is R, the experiment 
can be carried out by either measuring the external current (RC ~ T) or the voltage 
drop across the electrodes (RC ~ T), where T is the electron transit time. In the 
case RC ~ T, the external circuit current is 

elf. fd 
1(t) == -;- 0 nez, t) dz, 

where d is the inter-electrode separation. The integral can be expressed in terms of 
TOF parameters, although some uncertainties arise in the treatment of boundary 
conditions. Although the parameter Wo is usually referred to as the pulsed Townsend 
drift velocity, the experimental value of the drift velocity is obtained from the transit 
time of the swarm moving between the electrodes. Clearly this is the centre-of-mass 
velocity W (Tagashira 1981). In principle a measurement of Wo could be made using 
the absolute value of I(t), provided that an independent evaluation of the electron 
number density is made. As far as we are aware no experimental values of Wo have 
been published. 

4. Numerical Examples 

Tagashira et al. (1977) have published TOF, SST and PT parameters in argon 
using a two-term Legendre series solution of the Boltzmann equation. For the 
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smaller values of EjN [i.e. OCT = (ljn)(onjoz) is small], it is expected that the SST 
parameters given in equations (0)-(12) could be approximated by the first two terms 
of the gradient expansion, so that 

WSST ~ Wo -ocTDJl , (VJSST ~ ViO -OCT Wi' 

Similarly for the TOF parameters we have 

DL ~ Do+DJl' W= WO+Wi' 

and hence 

WSST ~ Wo-ocT(DL-Do), (VJSST ~ ViO-OCT(W- Wo)' (14a, b) 

By inserting the values for OCT and the TOF and PT parameters found by Tagashira 
et al. into equations (14), values for WSST and (Vi)SST are obtained (N = 3·54x 1016 

cm -3 for their calculations). These are compared with the results of Tagashira et al. 
(1977) in Table 1, which also shows their values of viO , Wo and W. 

Table 1. Values of transport parameters found in the present work and by Tagashira et al. (1977) 

E/N Present work Tagashira et at. (1977) 
(Vi)SST WSST ( V;)SST WSST ViO IVa W 

(106 S-I) (106 ems-I) (106 s -1) (106 em S-I) (106 S-I) (106 ems -1) (106 cms -l) 

85 1·53 7·07 1·53 7·09 1·64 6·86 7·34 
141 6·61 11·1 6·67 11·2 7·55 10·6 12·0 
212 17'6 16·0 17·8 16·3 21·2 15·1 17·9 
283 33·1 20·6 33·8 21·1 41·5 19·5 23·9 
424 76·1 29·5 78·2 30·6 102 28·3 36·5 
566 130 37·8 137 40·0 187 37·3 50'5 

The agreement is excellent at the lower values of Ej N, while the discrepancies at 
higher Ej N are expected to be caused by the neglect of higher order terms in the 
derivation of equations (14). 

5. Conclusions 

Although the results presented in this work are not new, the relationship between 
the SST, TOF and PT parameters has not been clearly stated in the literature. In 
particular these quantities represent different groupings of the constant coefficients 
defined in equation (5) (additional coefficients are required for a three-dimensional 
swarm and there are modifications to the definitions for a multi-term Legendre 
expansion of the distribution function). The terminology of SST and PT parameters 
is confusing since only TOF parameters or related quantities are obtained from these 
experiments. In the presentation of theoretical calculations we believe that it would 
be more instructive to publish coefficients such as those defined in equation (5) 
together with TOF parameters. This would be of assistance in the numerical modelling 
of discharge development and give a better intuitive grasp of swarm behaviour. 

The spatial variation of the energy distribution in either TOF or SST experiments 
can be observed more directly from the relative intensities of spectral lines originating 
from different excited states of the gas molecules. Using single photon counting 
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techniques we have detected spatial variations in the relative intensities of spectral 
lines for a three-dimensional SST experiment using a localized electron source. The 
local excitation rate (for thejth excited state) can be written as 

J100 

n(r, t)l'~!>(r, t) = VI N 0 Q~{) et 10(r, e, t) de, 

and after using a gradient expansion for lo(r, e, t) this gives 

n(r, t) v~{)(r, t) = n(r, t) v!~6 - V~!> • Vn + .... 

Since this experimental procedure appears to be the most promising for investiga­
ting the internal structure of a swarm it is suggested that theoretical studies should 
include the evaluation of quantities such as v~{h and V~!>. Comparison of these param­
eters with experiment would greatly assist in the evaluation of collision cross sections 
from swarm measurements at high EIN. 

The present treatment of electron transport and rate coefficients does not include 
a detailed discussion of boundary conditions in finite systems. It is known (Kumar 
et al. 1980) that the simple boundary condition n(r) = 0 can lead to significant errors 
in some circumstances and this limitation should be considered in applying transport 
theory to bounded discharges. 
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