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Dispersion in a Relativistic Quantum Electron Gas. 1
General Distribution Functions
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School of Physics, University of Sydney, Sydney, N.S.W. 2006.

Abstract

The covariant response tensor for a relativistic electron gas is calculated in two ways. One involves
introducing a four-dimensional generalization of the electron-positron occupation number, and the
other is a covariant generalization of a method due to Harris. The longitudinal and transverse
parts are evaluated for an isotropic electron gas in terms of three plasma dispersion functions, and
the contributions from Landau damping and pair creation to the dispersion curve are identified
separately. The long-wavelength limit and the non-quantum limit, with first quantum corrections,
are found. The plasma dispersion functions are evaluated explicitly for a completely degenerate
relativistic electron gas, and a detailed form due to Jancovici is reproduced.

1. Introduction

The literature on the (dielectric) responses of a relativistic quantum electron gas
is relatively sparse. Tsytovich (1961) calculated the response functions using an
averaged propagator method for an arbitrary electron gas described in terms of the
occupation numbers n*(p) and n~(p) for electrons and positrons; he also derived
explicit results for the isotropic case and briefly discussed the limit of an ultra-
relativistic Boltzmann gas. Jancovici (1962), using a method based on a quasi-boson
Hamiltonian, derived explicit expressions for a relativistic, completely degenerate
electron gas. Hakim and Heyvaerts (1978), using a method involving the one-particle
Wigner function, developed a covariant theory (in the Lorentz gauge) and considered
the quantum corrections to the response of a non-quantum electron gas. Delsante
and Frankel (1980) and Kowalenko (1982) used a relativistic version of Harris’ (1969)
non-relativistic quantum approach to derive expressions for the longitudinal response
of a degenerate electron gas and of a relativistic pair plasma at zero temperature.

Our main interest in the present paper and in an accompanying paper (Melrose
and Hayes 1984, see p. 639) is in defining plasma dispersion functions for a relativistic
quantum electron gas, and in discussing their approximations in the non-quantum
and non-relativistic limits. In this paper we discuss more general results; we
specialize to thermal distributions in the accompanying paper.

In Section 2 we calculate the response functions in covariant form by introducing
a four-dimensional occupation number N (P) which is similar to the four-dimensional
distribution F(P) used in treating the response of a non-quantum electron gas in
a covariant and gauge invariant manner (Melrose 1982). The longitudinal and
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transverse response functions for an isotropic electron gas are then written down;
in Appendix 1 these functions are rederived using a covariant version of Harris’
(1969) method.

In Section 3 the integrals over angle are carried out and it is found that the
responses may be described in terms of three transcendental functions, denoted by
SOk), S V(k) and S @(k), with S (k) and S ®)(k) appearing only in one particular
linear combination in both the longitudinal and transverse dielectric functions.

In Section 4 the contributions to dissipation from Landau damping (LD) and
pair creation (PC) are considered separately. Two important approximations, the
long-wavelength and the non-quantum limits, are treated in Section 5. In Section 6
we apply our results to a completely degenerate electron gas and rederive Jancovici’s
(1962) expressions, whose validity in detail has been questioned by Kowalenko (1982).
Finally we present some detailed results for the dispersion curves in a high temperature
pair plasma.

Our notation is that used by Melrose (1982) with units chosen such that# = ¢ = 1.

2. Covariant Form of the Response Tensor

In this section we define a four-dimensional occupation number N (P) for an
electron—positron gas and write a covariant form of the linear response tensor
(Tsytovich 1961) in terms of it. We then show that this form reproduces the
appropriate non-quantum result written in terms of F(P) (Melrose 1982).

Let electrons be described by { = 1 and positrons by { = —1. Their usual
occupation numbers are written rn°(p) with p being the physical momentum (and not
minus the physical momentum for positrons). The 4-momentum P = (E,P) is
related to the physical 4-momentum p = (g, p) by P = {p, i.e.

E=1{e, P=1{p. M
We define N(P) by

N(P) = £ oE—G0) i Cp), @

which may be written in the alternative form

N(P) = Y. 4nm 6(P*—m?) 3(Le) n*({p), 2"
3
where 3((e) is the Heaviside step function. The definition (2) corresponds to
® dE m ° dE mo_,
[[Enp=2ww. [ SNO=Z0Cp. b
0 2m € 0 2T €

where the factors m/e are analogous to the corresponding factor p1

the relation between F(P) and f(p) (cf. Melrose 1982; equation 23).
Following Tsytovich (1961) we derive the linear response tensor o*”(k), with the
wave 4-vector k = (w, k), by starting from the vacuum polarization tensor, namely

appearing in

d*p
@m)*

(k) = —ie’Sp f PG(P)y'G(P—k), “
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where Sp denotes the trace over y matrices. The propagator in vacuo is re-interpreted
as a propagator statistically averaged over the electron gas. As shown in Appendix 1,
the resulting form is

®)

G(P) = (V"Pu*"")(Pz 1 +.N(P)) .

i
—-m? +i0  2m
The term involving N (P) arises from the electron gas; it does not affect the non-
resonant part of the propagator, which arises from the principal value part of the

vacuum term. The resonant part of the vacuum propagator is replaced by itself
times a factor

1 —2‘42 (Lan'Cp).

The unit term describes the vacuum response, which we omit hereafter. The non-
resonant part of G(P) is then given by the principal part of the term involving
1/(P*—m?) in (5) and the resonant part is given by the term involving N (P).

As pointed out by Tsytovich (1961) the Feynman prescription for evaluating the
resonant part of (5) is acausal, and the only physical part of (4) is the hermitian
part which arises from the resonant part of one propagator and the non-resonant
part of the other. Writing

P’ =P—k, P"=P+k, ©6)
there are two contributions which give

Lo 282 [ d*P [ N(P N(P’
o*(k) = ':T f Gyt PP )(P,Z(_r)n2 + PZ(_n:Z) (7a)

B e Yy -
with
F(P,P') = 4Sp{y"(y"P.+m) y'(y"P; +m)}
= PUP"+P"P"+g"(m*—PP"). ®

The alternative form (7b) follows from (7a) by shifting the origin of integration for
the final term and using obvious symmetry properties of (8).

A further form may be derived from (7b) by replacing the variable of integration
P by —P. Under P - —P we have P’ > —P” and P” — —P’; the symmetry
properties apparent from (8) then imply that the quantity in large parentheses in
(7b) is invariant under P - —P. It follows that 2N (P) in (7b) may be replaced by
N(P)+N(-P).

On performing the integral over E, equations (3) imply that the resulting expression
depends on the occupation numbers only in the combination

i(p) = n*(p)+n~(~p). ©

An obvious physical interpretation of this result is that an electron (charge —e) with
momentum p and a positron (charge e¢) with physical momentum —p correspond
to the same current.
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The reduction of (7b) to the non-quantum limit involves two steps. First one

makes the identification
4
2 ((; 1))4 N(P) = fd“P F(P) (10)

between N (P) and F(P). The factor of 2 on the left arises from the two spin states
of the electron, and the factor (21)”# is omitted on the right by choice of convention.
A minor complication concerns the positrons. One may regard the non-quantum
limit as requiring that there be a negligible number of positrons (Hakim and Heyvaerts
1978). Alternatively one may regard electrons and positrons as separate types of
classical particles, and separate F(P) into two independent components for the two
corresponding distributions.

The second step is to expand in # and retain only the lowest order non-vanishing
terms. In (7b) # appears only in P’ = P—hk and P” = P+hk. Using the ¢ function
in (2’) one has

P2—m? = —2kP+k*, P"?—m? = 2kP+k?,
where the dependence on # is implicit. Then on expanding in # one finds

F™(P,P’) F™(P,P") ,
P/2_m2 P//Z_ 2 ~ —a” (k’P/m), (11)

with (Melrose 1982)

P*k’+Pk*  k*P*P®
By, N Ladd
a®(k,P[m) = g + Pr + PR (12)

Then (7a) reduces to
2
(k) = — % f d*P F(P)a"'(k, P|m), (13)
which reproduces the relevant non-quantum result (cf. equation 22 of Melrose 1982).

3. Response Functions for Isotropic Distributions

 The longitudinal (L) and transverse (T) response functions may be derived from
(7a) using a method given by Melrose (1982). The result is

7

T —¢ a%T
®) = 2 f s 10 )

e+¢ LT )
‘ + wZ_(a_l_s/)Za— (P,k) B (14)
with
1 2
ak(p,k) = 14?8—(8 +p.k— 2(’|'k|2) ) (15a)
. _1 (p.k)?
ai(p,k) =1 +;8—,(m2 -p.k+ W) (15b)
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where ¢ denotes &(p) = (m? +| p|*)* and ¢’ denotes &(p’) with p’ = p—k. We also
change notation, writing 72(p) as #i(e) for an isotropic distribution. The result (14)
is essentially that given by Tsytovich (1961).

The integral over p involves angular integrals, which may be chosen as polar angles
of p relative to k. The integral over azimuthal angle is trivial, and the remaining
integrals over | p| and the polar angle may be rewritten as integrals over ¢ and &
withe_ < & < ¢, and

s = (&2 22| plIk| +1k|*)*. (16)
This gives
Ty = f de 7i(e) f ” ds':( 1 )es'aL’T( k)
An?k| . o—ete ote—e) ot P
1 1 L }
- a-T(p,k)}. (17
+(co-—s—8’ w+s+a’)68a (p. )y (17)

Using the relation
g" " (w—g)e™ !
ot =2 (=™,
n n—1

!

de

1= |

——]
w—e+é

we may rewrite (17) in the form

e’ = LT
aT(k) = TR fds n(s){c (e, k)

+b':;T(a,k)f+ds’< 1 1 )

g—etw &+e—o

+bRT(e, k) f ds’( 1,1 )} (18)

P g+et+tw &—e—o
with
cMe,k) = 4 plo*/|ki, (k) = =2|pl(@*+]k[})Ik], (19a,b)
(O2
b (e, k) = 2|kl2(w2—|k|2$4ws+432), (19¢)
(0= k%) 4m?| k|? ‘
bi(s, k)= — W(mz +|k|2 + mq:4w8 +482) . (19d)

The integral over ¢ may now be performed giving

2

2= 2 2
ey e‘mw ,
[ 3{3(0? — | k|?)SO(K)

L
k) =
0 = kE T2k

—maoSM(k)+m2S3(k)}, (20a)
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g +k|?)  e*m(w*—|k|?)

aT(k) = — _ .2 2, 111 12v<(0)
“ 2m|k|? 2k (ot HADSTR)
"mCOS(l)(k)+m2S(2)(k)}, (20b)
where
_ d*p m
o =2 | 53 n()——fds|p|n(s) 1)
(2m)
is the proper number density, and with
2 +
= —m___ 1 2)
€o (1 _w2/|k i2 +Ilk| . (22)

The plasma dispersion functions introduced in (20) are

SO(k) = f% fie)InA,, (23a)
SW(k) = f %52 fi(e)nA,, (23b)
S@(k) = f % Ai(e)In4,, (230)

with

(e —etw)ey —e—w)(es +e—w)(ey +e+ )
(- —e+0)e_—e—w)(e_ +e—w)e_ +e+w)’

Ay = (24a)

(e —etw)ey te—w)(e- —e—w)(e- +e+w)
(- —et+w)(e_ +e—o)(e, —e—w)(es +e+w)

2 = (24b)

Alternative forms of the functions (24), along with another function A3, are written
down in Appendix 2.

In the next section we use the functions (23) to dlscuss Landau damping and
pair creation.

4. Landau Damping and Pair Creation

The kinematics for Landau damping (LD) and pair creation (PC) were discussed
by Tsytovich (1961): LD corresponds to the resonances at e—¢’ = +w and pair
creation to the resonances at e+& = +w. LD is allowed only for w < | k| and
PC only for w? > 4m?+| k|?; there is no damping for | k|* < w® < 4m*+|k|>.

The resonant parts of the dielectric functions are not included correctly in (4),
due to the propagator G(P) being of the Feynman type and hence acausal (positrons
propagate backwards in time). However, the causal condition may be imposed on
(7a) and (7b) and subsequent forms of a**(k) by replacing w by w +i0, according to
the usual Landau prescription.
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By inspection of (18) we may identify the functions
Sm (k) = L fds " 'e)f“ de’ _ (25a)
) = i ®),. © i —er(+i0)’

1
S@, (k) = —i st £"i(e) (25b)

&+ 1
f d8’ —— B s
. &+eF(w+10)

which separate the dispersion into parts due to LD and PC. The functions (23)
are related to the functions (25) by

SO(k) = S{B+ (k) + 552+ () + (= D)"{S{B_(k) + Sp2_(k)} . (26)

The relation (26) allows us to identify the imaginary parts of S™(k) in terms of the
contributions from LD and PC. After using the Plemelj formula

= P(x" ") —ind(x),

x +10

where P denotes the Cauchy principal value, and integrating over &', the relevant
imaginary parts are given by

_m [EEe
Im SR, (k) = +WJ . de &"i(e)

E-Tw

-7 m_’i_l f de (24 3o)" i(e £ 3), (272)

to—-e-
Im S, (k) = + —r f de &"i(e)

T m To—¢e+

T +lo|+eo _
+ T I+ w) de e"i(e)

+lo]~20

- Z’HS(iw)fm de (| +or il o] +9)
m 0

+Glol-e"n}lo|-¢},  (27b)
where () is the step function.

5. Long-wavelength and Non-quantum Limits

The approximate cases of most interest are the long-wavelength limit and the
non-quantum limit along with the first quantum corrections to it.
Long-wavelength Limit

The long-wavelength limit is obtained by expanding InA; and InA, in powers
of | k|. On retaining terms up to O(| k |°), inserting the expansions into equations (23)
and thence into (20), one finds to O(| k|?)

Reo (k) = AT(@)+|k|*B- (@), (28)
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with
AN0) = AT(w) = f de | pl () 2y 2L "" '2, (294)
L |Pl2 2/c.2
BY ) = de | p|n(e)(—(1—31p| /56%)

2
(3 p|? —26% 3| p|* [5)
—0)2)2

(4¢?
16 2 2
+ Gorstist = 4p)) (290)

e 2 2
5@ = - S [ @ 1176 (s~ 1 P15e)

2

©
+ m(%| pi* —2¢* —| p|*/5¢?)

2. .2 .
+ Moﬁ—%npm) . 290)

3(4e2 — w?)
We have used these expressions in treating the example discussed in Section 7 below.
The region of validity of the small | k| expansion is restricted by the location of
the singular points in the integrands of (17) or (18). This region depends on the
form of the distribution function.
Let us start by considering the contribution to the integrals of particles with given
p and &. Then in (17), the small | k| expansion is valid for

k] < |( pIPu?+20e+0®) £ plu], (30)

~which must be satisfied for all four choices of sign. The most restrictive condition
is for +u = —1, where u is the cosine of the angle between k and p. Then (30)
leads to two conditions:

1kl < |(1p)*+20e+03E | pl||,  (3la)
lk| < |(IpI>—20e+0®i—|pl]. (31b)

Without loss of generality we may now assume w > 0. The square root in (31a)
is then always real, and that in (31b) is imaginary for e—m < w < ¢+m, and real
otherwise. For @ < 2m, the right-hand sides of (31) are always nonzero. For
o > 2m, the RHS of (31b) becomes zero at w = 2¢, so there can be no long-
wavelength expansion for particles with an energy of ®w. We may re-write (31b) as

k| <|pl—-(pl*—2we+0?)?, 0<ow<e—m;
< Quwe—w?)*, e—m < w < 2m;
<|pl=-(pl?—2we+w??, e+m<w <2

<(pl*—2we+w**—|p|, e <w. (32)
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If we have a distribution of particles over the whole momentum range then the regions
in which small | k| expansions are valid will be given by the minimum values of the
right-hand sides of (31a) and (32). These conditions then become

k| < o (33a)
k| < w, w < m;
< Qom—o0?*, m<o<22m; (33b)

and we see that no long-wavelength expansion is possible for w > 2m. These limits
are plotted in Fig. 1.

More realistic distributions of particles cover a range of momenta from zero to
some effective maximum p,,. For a degenerate distribution p,, would be the Fermi
momentum, while for a Boltzmann distribution p,, may be identified as several times
the thermal momentum. Since for w > 2m the right-hand side of (31b) becomes
zero at ¢ = 3w, there can be no long-wavelength expansion if the distribution
includes particles with this energy, i.e. if the maximum energy &, is greater than 3.
So there is no expansion for 2m < 0 < 2¢,,.

(33a)
3 Fig. 1. Conditions (33a) and (33b)

for the boundaries of the region of

validity of the long-wavelength expansion

are plotted for the LD and PC contributions

to the dielectric functions when all values of
particle momentum (jp| from 0 to «) are allowed.

[k m
N
T

(33b)

w/m

(34a)

Fig. 2. Conditions (34a) and (34b) 3k

for the boundaries of the region of

validity of the long-wavelength expansion
are plotted for the LD and PC contributions
when only values of momentum from

\kl/ m
T

(34b)
0 to p, are allowed.

1 I I
0 1 2 3 4

w/m

Subject to this condition, the regions of validity for a small | k| expansion are
again given by finding the minimum values of (31a) and (32) over the momentum
range from zero to p,,. These conditions become

|k| < (ph+20en+ o) —py; (342)
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|k| < min{p,—(pi—2we,+0)?, Qum—w?)?}, 0<w <ey—m;
< Qom—w?)*, em—m < © < 2m;
< (pa—2we,+ ) —p,, 2, < . (34b)

These conditions are plotted in Fig. 2 for p,, = 0-5m.

In the non-quantum limit, the long-wavelength expansion corresponds to an
expansion in the ratio of particle speed to phase speed, which in this case is | k| p,,/we,,.
Taking the non-quantum limit @ < &, we find that (34a) reduces to

k| < 0&m/pp-

In the non-quantum case, this condition applies to the contribution to the dispersion
from LD. Hence we interpret (34a) as the condition for the small | k| expansion
which applies to the LD contribution, and (34b) as the condition which applies to
the PC contribution.

Non-quantum Limit

In developing approximations for the non-quantum limit we start from In A, and
In A, in the forms

o (lo—=kp +(@*— k)2l {w+]k|v —(0® —| k|?)/2¢}

s = ln({(o—lklv —(0®—|k*)j2e}{w+ kv +(w2—IkI2)/2s}) O
o (lo+klo —(0 — |k 1D)2e}{w+]| kv +(w® — | k|*)/2¢}

Az = 1“({w—|k|v —(@ [k~ klo +(w2—1k|2)/2s})' (330)

In the non-quantum limit the terms (w*—|k|*)/2¢ do not contribute. Hence this
limit requires

lo—|klo| > [0~k |/2e. (36)
In this limit we find
o —|k[2[ 1 1
Ind, = -
1 2¢ (co—-lk|u w+lk|v)
(602—|k|2)3( 1 1 )
_ 37
T e \e—kp @k T (37a)
co+|kiv)
InA, = 21
e “(w—|k|v
(wz—lklz)z( 1 1 )
_ + o 37b
T2 @ kp’ " @rikp? (37b)

The requirement (36) may be interpreted as follows. When a particle emits (upper
sign) or absorbs (lower sign) a quantum (w,k) the resonance condition
e(pFk) = &(p)F w requires, to lowest order in h,

w=rk.ootQe) (k.o —k|D)+ ... (38)
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The correction term to the classical resonance condition w = k.v corresponds to
the quantum recoil which splits the LD resonance into two parts. Hence, the
singularities at w—|k|v = +(w”—|k|*)/2¢ in (35) may be attributed to resonance
in emission and absorption when the effects of the quantum recoil are retained.

Othér explicit quantum terms in the dielectric functions (20) occur in the
coefficients of S®(k): in the non-quantum limit the coefficient in (20a) vanishes
and that in (20b) reduces to —m?/(1 —w?/| k|?).

In the non-quantum limit it is conventional to rewrite i p) in terms of the classical
distribution function f(p). We need to introduce distributions f*(p) for electrons
and f~(p) for positrons. Then in classical notation 7(p) should be replaced
according to

FHp)+f(=p) = 2a(p)/2n)°, (39)
where the factor of 2 arises from the two spin states.
6. Completely Degenerate Limit
The completely degenerate limit corresponds to
ne) =1, & < &p; (40a)
=0, & > &p; (40b)

where g is the Fermi energy. The functions S®(k) may be evaluated explicitly
in this case. Some of the details of the evaluation are outlined in Appendix 2.
Denoting any quantity evaluated at ¢ = ¢ by a subscript F, we find that

20k
SO(k) = —111A1F - 2—ln Ay + —ln Ay + _'_|1 ("F';I’F) , (412)
w\? (g
SM(k) = %( ) InAp— {(%) +(n‘;) }1nA2F+2— 2in Asp
2| k| ) (a))zso} 3F+PF)
) 2 41
T {(Zm + k| m n( m )’ (41b)

k 2 2
SO(k) = | |PF3F (ff.) InAe _%(ﬂ){(_w_) +3(8_0) }]nAZF
m 2m/\\2m m

ARG () o

m m 3F

Ikl[ ( )2 (30)22w2+|k|2}] &p+ Py
—[1+2 - 1 .

T : am) ) TR n( m ) (19
When substituted into (20) these reproduce results obtained by Jancovici (1962),

allowing for differences in notation and a factor of ¢ which he has omitted in his
equations (A1) and (A4). Note in particular that

iy = Z’l {EF Pr —In (3F + PF) } , (42)
TC m
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and In{(sg+pg)/m} = sinh™'(pg/m). Equations (41) also reproduce a result due to
Kowalenko (1982) for the longitudinal dielectric function, subject to appropriate
choices of signs of some of his square roots.

7. High Temperature Pair Plasma

The functions S ®(k) have also been evaluated in the limit of a high temperature
pair plasma. This corresponds to a Fermi-Dirac distribution with zero chemical
potential, with n*(p) = n~(p) and -

ﬁ(s)‘ =2n"(p) = 2"+ 17!, 43)

where p = m/T is the inverse temperature. However, we have made several
approximations in treating this case: we assume the long-wavelength limit and
expand in w/2m for w < 2m and in 2m/w for @ > 2m. The results, which are quite
~cumbersome, are written down in Appendix 3.

(®)
6—
/
~ 3x 101 K 7/
Y . s/
3 /7 7/
< 7/
3
1-5x 10! K
2=
- /
/
/
| | | |
0 2 4 0 2
ikle (102151

Fig. 3. Dispersion curves are shown for (a) longitudinal and (b) transverse waves
in a pair plasma [cf. the distribution (43)] at 1-5x 10** and 3x10'* K. The
lower and upper dashed curves correspond to @ = | k|cand w? = 4m*c*/h + | k|?
respectively, which separate the LD region to the right from the PC region to
the left.

The dispersion relations for longitudinal and transverse waves can be found using
an iterative procedure and, in the cases considered numerically, the iterative procedure
was found to converge rapidly. The region of validity for our various approximations
restricts our results to temperatures around 10" K. The dispersion relations for
(a) longitudinal and () transverse waves are plotted in Fig. 3 for 7= 1-5x10"' K
and 3-0x 10! K. Also shown are the threshold curves w = | k|and w? = 4m*+ | k|?;
LD occurs to the right of these curves and PC to the left of them. The dispersion
curves for longitudinal waves cross from the LD region, through the dissipation-free
region to the PC region, whereas the dispersion curves for transverse waves are
entirely within the PC region.



Dispersion in a Relativistic Electron Gas. I 627

8. Discussion

Our main emphasis in this paper is on the plasma dispersion functions which appear
in a relativistic quantum treatment. In the accompanying paper (Melrose and Hayes
1984) we apply these results to thermal distributions of particles. Here we discuss
the general features of the dispersion functions: resonances and the effect of
particles on pair creation.

The plasma dispersion functions contain singularities, and when any particular
singularity occurs in the physical regime 0 < | p| < oo it corresponds to a resonance.
In the non-quantum case the only singularities are at v = +w/|k|; for || < | k|
this resonance is due to LD. In the relativistic quantum case there are eight
singularities. Four of these correspond to LD and the other four to PC. The four
LD singularities arise from pairwise splitting of the two non-quantum LD
singularities; as suggested in Section 5, this splitting may be attributed to the different
quantum recoils in emission and absorption. As in the non-quantum case, the
singularities are related pairwise through the transformations w — — w, and only half
of them can correspond to resonances for a given sign of w.

In Appendix 2 the singularities appear as zeros of the arguments of logarithms
and are labelled i = 1-4 (cf. equations A26). These may be rewritten in terms of
|v], | p| or & using (A23). In terms of the resonant energies there are LD resonances
ate = gy +1iwand PCresonances at ¢ = 3w +e¢,. Intherange | k|?> < w? < 4m?+|k|?
the parameter ¢, is imaginary and there is no resonance. The resonant energies
correspond to two roots in each of the regions of LD and PC and if we denote these
roots by &gy , then they are given by

Er1,2 = €1,84, LD; (44a)
= 81, 82 N PC, w > 0; (44b)
= &4,83, PC,w < 0. (44c)

The corresponding resonant speeds are

_ | Kk|2m £ weo/ k|m
T w2mte/m

(45)

Vi = —U34

In the non-quantum limit these reduce to v; , = —v; , = /| k|.

The threshold for PC is at g, = 0, when v; and v, are equal to the inverse of
the phase speed. Hence, the resonant speed in the PC case is near the speed |k |/w
which one would define by taking the ratio of the momentum to the energy of the
photon as though it were a material particle. Again, except at threshold, the resonance
is split in two.

Another interesting point concerns the effect of the particles on dissipation due
to pair creation. Let us discuss this for the case of a completely degenerate electron
gas. Dissipation due to LD in this case requires that the electron be in an occupied
state, i.e. ¢ < &g, before absorbing the quantum, and be in a previously empty state,
ie. e+w > g, after absorbing the quantum. However, in PC there is no initial
particle and there is a pair in the final state. There is no restriction on the positron
(all positron states are initially unoccupied) but the electron must be in a previously
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unoccupied state, i.e. ¢ > ¢z. This implies that the presence of electrons suppresses

dissipation due to pair creation below the value which one would have in vacuo.

The sign of ‘dissipation’ due to PC in a plasma is opposite to that for LD and

appears to cause growth. However, the actual effect is simply to reduce the
dissipation which would occur in vacuo.
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Appendix 1

The electron propagator in coordinate space may be written as the vacuum
expectation value (see e.g. Berestetskii ef al. 1971; p. 251)

G(x—x) = —iTrlpo T{H P, (A1)
where

po = [0)<0] (A2)

is the vacuum density operator, and 7 denotes the chronological product. Using
a similar notation to equations (9) of Melrose and Parle (1983), the second quantized
wavefunctions are written in the form

B) = 3 i) exp(—ideq ). (A3a)
J(x) = Y &5 exp(ile, 1), (A3b)
4,8

where ¢ labels the quantum numbers collectively, with ¢, = &¢ = (m*+| p|*)* here,
and where d; , Ay s 23',;“ and a , are the electron annihilation, positron creation, electron
creation and positron annihilation operators respectively. The statistical average is
achieved by replacing g, by the density matrix p for the electron gas. Then (Al)
becomes

G(x—x") = —1;;;‘ Tr[p{dsa% 9(t—1t') —ay. a5 (¢ —1)}]

X Y)Y (x)exp(—ile, Dexp(il'e, 1), (A4)



Dispersion in a Relativistic Electron Gas. 1 629

where the extra minus sign arises from the anticommutation of the operators, namely
(a5, d5]. = 6°6,,. (AS)

The trace (Tr) over states is performed most conveniently by introducing a Fock-space
representation |n,",n, ) for electrons and positrons; 4 may then be identified as the
sum over all states of the outer product |nq ,ngy{n;,n; |. Then using the familiar
relations <n|aa' |n)> = n and <(n|a'a|n) = 1—n for anticommuting creation a' and
annihilation a operators, one has

Tr[pa‘ac] o S 3+ —CnS}, (A6a)
Tr[p a5 = 6%, {301 - =) +{n5}. (A6b)
The next steps are to replace the step function by its integral representation,

dQ exp(—iQt)

2r Q+i0 (AD)

9 =

to identify the y5(x) with the plane-wave functions,
Yix) = xi(p)exp(ilp.x), (A8)
and to perform the sum over spin ¢ using

OFputm
= (A9)

The sum over g then reduces to an integral over d*p/(2n)* giving

S 1P 1) =

1

o) = [ (WZC? B e {—iLelt= 1) exp(iLp. (=)
x [+ —{n(Cp)}exp{ —iQ(t—1)}

— B0+ U expli O~ )] (A10)

Finally a Fourier transform of (A10) is carried out,

G(P) = f d*(x—x") exp{i P(x—x)} G(x—x"), (Al1)
and straightforward manipulation allows one to reduce G(P) to
G(P) = Pyt m) (g HRE-ONCDL). (A1)

with P = (p. The form (5) then follows from the definition (2) of N(P).

Alternative Derivation of o' (k)

Harris’ (1969) non-relativistic quantum method may be generalized as follows
to calculate o*'(k). The Dirac Hamiltonian in second quantized form is separated
into an unperturbed part

Ayt = Y L, c‘ig(t) dg(t) , (A13)
<}
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and a second part of first order in the test field A,(x)

.0 = ¢ ¥ TEO @D [ x T 4,09

x exp{i({e, —Le )0} . (A14)

In Harris’ method the temporal variation is included in the operators, or equivalently
in the density matrix

PE(t) = Tr[pas (b k1) . (A15)

The evolution of the products of operators in (A15) is found using the equation of
motion

2O - itaw, pal, (AL6)

for any operator P(t). Using (A13), (A14), (A16) and the anticommutation relations
(A5), one finds

S0 &0 = (o~ )W 85D

+ie Y | d3 4,(x)
{"q”

x [ag(t) ay(t) Yy (x") y i (x)) exp{i(Ce, — (e, )t}
— a5(0) dg (O Px) PP (x) exp{i(C"e, — e )t} ] (ALT)

Now we make a perturbation expansion in powers of A,. The zero order density
matrix is given by (A6b):

[Po5O]© = ¥56°%6,,, (Al18a)
Yy = 3(1-0+(nf, (A18b)
and the first order term then follows from (A17):

dQ wi-wl
POV = — f—- —iQ)—L fd3"A '
[ q ll( )] e 27_[ exp( »1 )Q_qu_l_clsql X v(x 79)

X P (xX) YW A(x) exp{i({’e, —Let} . (A19)
The linear response is described in terms of the linear current
[7001" = —e Te{pd(x) P
= —e {Z 2 Wax) yp(x) exp{ —i({'e, — L)} [P(D],  (A20)

4’ 8,q

where we have inserted (A3) and retained the linearized part of (Al5). After
inserting (A19) in (A20), identifying the wavefunctions as in (A8), and writing

el = |

d*k
2n° exp(ikx)a*' (k) A,(k), (A21)
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one identifies

d’p 3 =D +Ln%Lp) - 'n* (D)
(2n)? w—{e+{’¢

a*(k) = &Y Sp
1455

1
X (CC—ﬁﬁ_ Y&y p. +m) vV(C’v'p;+m)). (A22)

In (A22) it is assumed that the occupation numbers are independent of spin so that
the sum over spin states may be performed using (A9), and {'p’ = {p—k is implicit.
Apart from notation, (A22) is equivalent to (7a).

Appendix 2

Here we write down some alternative forms of the functions A; and A, defined
by (24), and of a third function A5;. We then carry out the integrals involved in
deriving (41).

Alternative Forms for Ay, A,, A3

We introduce four different variables which are monotonic functions of the energy &
of a particle: these are ¢ itself and | p|, v = | p|/e and ¢, given by

& 1+  |p] 2t 2t

(A23)

The functions (24) and A; may be expressed in the following forms:

_ ()t +1)(E+13)(t+1,) _ (p+p)(p+p2)
(=t —t)t—t3)(t—1t)) (p—p)(p—p2)

_ 46’0’ — (0> — k| -2|p| | k|)*

480 —(0?— kP +2 pilk?’

1

(A24a)

_ I+t +1)(E—13)(t—1y) _ w+v)(v+vy)
(E—t)=1)(t+ 1)t +1)  (v—v)(v—0,)

_ Yeo+|p| kD —(0 | kP
dew—|pllk])?—(w?—k|}?’

2

(A24b)

_ (t+1)(E=1)(t—13)(t+t,)  (v+v)(0—0,)
(t—t)(+ 1)+ )E—1)  (v—0)(v+0,)

3

_ [@*=1kDe+p{(1 k1> = 0))( k> — 0? +4m})}F]? —dm* w?
(@ =1k Pe—p{(1 k| = )i k|? — 0? +4m?))F P —dm*0?

(A24c)

In terms of the parameters

a=(0*~k®»2mow, b=k|lo, (A25a,b)
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we have
b+(a*>+b>—1)* ) '
= —— = —1jt,, ‘
1 Ta [t3 ; (A26a)
b—(a*+b*—1)* .
f, =@ =0T (A26b)

1+a

with ¢;, p; and v; for i = 1,2 defined by substituting ¢ = ¢; in (A23). One finds

g, = 3wte, g3.4 = —(ote), (A27)
with

(0] a &

2m 1-b2 m 1b2

(@*+b*—1)*. - (A28a,b)

Evaluation of Certain Integrals and Sums

The quantities S ™(k) defined by equations (23) are evaluated in the completely
degenerate limit by partially integrating once and writing the remaining integral in
terms of the variable ¢ introduced in (A23):

€ 1+t2 1 1 ,
SOk) = -rrznlnAlF Z - (t+t' - t—t.) , (A29a)

2 4 e 1413\2/ 1 1
S(k) %(m) nA,p zi; o i—2) \im =) (A29b)

3 sopr o 14\ 1 ] ‘
SO®) %(m w3 3T (Th) (r-m) e

vithy; = 1 fori = 1,2 and n; = —1 for i = 3,4, and with the #; given by equations
(A26). The ¢ integrals are elementary. Writing

170 = fdt (t?)lﬂ(ﬂl-ti B t—lti) ’ (430)
‘we find that
10(6) = 122 In i:’” _ lz_titiz ii’il (A31a)
ﬂWFGi?hiﬂ—fhiﬁ(izaﬁﬁ\tﬂ’<“m
() = (i%—i) In ‘ i—f—:' - % 12_titiz (i fttzy (1 3—titi2 S —4tti,-2)2)1 =
(i s e ) e
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Using equations (A25)-(A28) we have

1+, o 1443, _o %
1—1t3, i-13, 2m~m’
2ty 5 _ 234 _ -I-ﬂi we,

]._tf’z 1"t§’4_ 2m lklm )

These together with (A24) imply

4 +t2 t+t; ) &0

; — lnt_ti ='2E1n/12_’_‘n-1n/13,
& M+1\2 | t+t, ®\2 (g2, .
i; "i(l—tf) In —t,| {(%) +(;) }lnA2

—2-aif‘lln/13,
o AN
L S| InA

i; (1—t,-2) iy {( ) ( )}n 2

S o

Other relevant sums are

L g1

2t
i,
v

R

]

13

4t

iy~ o 1) ) G

N

13
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(A32a)

(A32b)

(A33a)

(A33b)

(A33c)

(A34a)
(A34b)
(A34c)

(A34d)

The remainder of the derivation of equations (41) involves evaluatmg t at fr and

expressing the result in terms of ¢ and pg using (A23).

Appendix 3

The functions A“™(w) and B~T(w) defined by (29) may be evaluated for the
distribution (43) by expanding in either w/2m for v < 2m, or 2m/w for w > 2m.

Expansion in w/2m < 1

Writing
2 2

AT = - 235 3 (= ) ),

(A35)
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2 »

w 2n
B“T(w) = P (%) g“(w, p,n), (A36)

we find, setting r = w/2m,

FHw,pon) = f@,pon) = (1— r2)‘/2{4 @D g AL220)

Jant P @n=)!
+4p2r(: :;%) ,,i (5;;!1’(— p) T +1l;('zz: _%;_%)
+p27£f:;(—:%_)5(n -c-3 2n1—-1)}
+(1—r2)3/2{—%§)7r7$zﬁ e wﬂg"—:i?

$ er(::,;r%),é(zf)j (=2 )<p+1;((1:1t%12+%)
g-(w,p,n) =

ey G o155

$ i (Zp,. =P %%}

am+1(—=1=2n) T(n+3) 1
+(l_r2)m{”" @Dl 2gnnl (1 n(rlp) = C"Tﬁ)

7'(—2p)

rn+3) & p» I'(p+3)
o L@ p!(n—p+%)}

2n+3,, 2 (—3-2n)
- an?y10n—3) 22"
22n+ 1) %’fp (n”+10n=3) =350

+(1—r2)3’2!2 (2)Fz(:l/+%) o3 1220

_3r(n+3)
2Jnn!

M - )

I'(n+3) p*I(n+3%) L
~H/mpr(=1) n+D! r22\/1rn!(n+%)(m(n/p)—c+7 2""'1)

P 2Irn+3) 2 5 p*P Z(—2p) I'(p+3%)

T ! 5 @) (p+DI(n—p+d)
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_TmtD 07 i ap_gy TP=D
Ganl 2 )1 © 2P 2 9)p!(n—P+%)}

41(2)I'(n+3) 3 misU(=3-2n)

_nsz2)
+A-=r) srifanl 7 PQ2n+3)!

I'(n+7%)
ni(n+2)

(—5-2n)

_%np2n+5(n + 1)(" +—;_) (2" + 5)!

+3/mpr(—1)

I'(n+]) 2(n+3)

+%\/np31(_1)r2(n+1)! + 5\/7.”1]

1
‘N—C —3 —
(ln(ﬂ:/ p)—C—3 T 5)

p?3r(n+7)
r’5ynnl(n+3)

p3r(n+3) & p* r(p—3)
T Bml S P GrD e D
(p+l)F(p—%)}
pl(n—p+3) )

(et -3 5-)

2r(n+%) & p**
_ -2
St 2 Gl 2P

(A38)

g (@, p,m) =
m—1t(1=2n) I'(n—%)
@2n—1)! 8 /nn!

r(n+y) & p* , I'(p+3)
27! p§1(2p)!1( 2p)p!(n—p—%)}

(m(n/p); C—1— —1-—)

_2y-1/2)y
(1-r% {77'5/7 2n—1

2 T(n+))
3r2/nn!

W(=1=2n)  pI(n+%
r’Qn+1)! rP6/anl(n+%)

In+3) TI'(n+3)

7(—3—2n)

2n+3 2
mp™" “(4n” +10n+3) )

o~

_% 2n+3

(1wl - +1-5-)

W D G T g (et -c=3- 575
- pzrl:glz; !%) ,,21 (;);;! "G5 f)('lzz —%)P +4)

L s T(—=3—2n) p’I(n+%)
—3snp 2 2 1
r*(2n+3)!  r*5/nnl(n+3)

(1) —c—1- 55) +
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I'n+3) 2I'(n+3) .

2+l T 15 nnl (ln("/p)_c_f_ 2n+5)
r(n+3) 2rn+d & p* (p+DI'(p—%)
H*/”’"(_l)n!(mz)_ 157n! p; o TP

+Zs/mpt(—1)

2 7y 2
prn+3) & o7 I'(p—%) }
r25nn! p;l (2p)'t( p)(p+1)'(n—p+%) ’ (A39)

with
w(s) = 1-2""{(s),  '(s) = (d/ds)z(s), (A40)

where {(s) is the Riemann zeta function and C is Euler’s constant.

Expansion in 2mjow < 1
In the limit w > 2m, equations (A35) and (A36) are replaced by

AYw) = AT (w) = — ;;Tmpzz
81(2) r2r © (p\*"(n—1DI(n—3)
x{ 3 (1n(1t/2r) —C+2 Z N )'1:(—2p)) ;0 ( ) e
2 & ("2 e, (p+n—DI(p+n—3)
+2r ,,Zz (;) ',,Zl Qp )'T( 2p) Jr(p+n)!

0 2n
w5 D w2 ==+ + = ) (Ad)

eZ

BYw) = — —
(@) 2n?

2(2) 2n—1 p\>" TI'(n—%)
X { 5.2 (ln(p/r)-l-zl//(" 3)- %‘/’(""’1)"' 2n(n 1)) nzz (;) 4\/7z(n-—2)!

1 = 2n(n DI(n—3) & r?? ' o 5
+36t n;) (r) NCT] ,;1 (2p)!t(—2p){P(P—7) n(n—3)}
2P\ & p* ., . (nt+p=DI(n+p—3) PP
+n§2 (;) ,,=1(2p)!’( 2p) NCICETO) {(n+p)n+p—3)—p(p z)}},
(A42)
2
BY(w) = —-2%

212)  p? 2 (p\*(n—1)I(n—3)
{E‘E 12 ++5— {In(n/2r)— C} Z ( ) ~agmnl
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2 (p\"I(n=%) & r** 2 s
+ £ (8) et L G (20N 2pto—H—n=1n=5)
) p 2n(n_1)21-v(n_%) , 1
* 2, (;) —W(ln(nﬁp)— C—Hp(n—+(n+ 1)—m)
® (p 2n o (p+n
+n;2 (;) 21( ), )27—(—_l_—)7{(17+n H(p+n—1)y>°

~(+n-2pr-3},  (A%)

where /(x) is the digamma function.
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