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Abstract

For a rank- n separable potential, some of the conditions for the existence of positive energy bound
states are given and discussed. It has been shown that scattering can occur at positive energy
bound states and only a particular type of them can be interpreted as zero-width resonances.

1. Introduction

For a class of separable potentials bound states occur at positive energies (Gourdin
and Martin 1957; Martin 1958), and these states have been interpreted as zero-width
resonances (Bolsterli 1969; Beam 1969). Recently, it has been shown that, in general,
a positive energy bound state (PEBS) cannot be interpreted as a zero-width resonance;
a rank-two potential can give a PEBS and a scattering phase shift at the same energy
(Husain and Suhrabuddin 1980). Here we will derive some general conditions under
which a rank-n potential can produce PEBS, and also identify the PEBS which give
scattering and the ones which are zero-width resonances. This will be shown by a
number of illustrative cases.

2. Theory
We consider the s-wave Schrodinger equation
& = |
(*7 + kz)w(r) = f K(r, ryw(r)ydr, )
dr 0
where
n
K(r,r’) = 'leif;(r)f;'(r/) *; 0). €))
i=
The solution of these equations at the energy k*> = k3, such that
Y(ky, r)— 0 as r— oo, €))
Y(k,0) = 0, C))

0004-9506/85/040539$02.00



540 D. Husain et al.

is known as the PEBS wavefunction. A solution of equations (1) and (2) which
satisfies these conditions is

Wk =2 c(Ddkn  (c*0), ®)
where ¢ (&, r) satisfies
d2
(37 +# )0 = 500, ©
r
with
éb(k,r)—0 as r— oo, ©)

and where c/(k) is given by

c(k) = A, jzﬁl d,(K) (k). ®
with
d (k) = f: b,k dr. ©)
Equations (6) and (7) can be solved to give
b(k,r) = — % J.jo sin k(r—r") fi(r’)dr’, (10)
and hence
b(k,0) = % f: sin kr f(r)dr = g(k). (11)

From equations (4), (5) and (11) we get
2 ck) gk = 0. (12)

Therefore y(k, r); given by equation (5), gives rise to a PEBS at k? = k} provided
that equations (8), (9) and (12) are satisfied at that energy.
Moreover, the solution of equations (1) and (2) such that

Y(k,0) = 0, (13)
U(k, ) — sin kr +tan § cos kr as r— o (14)

is given by

Uik r) = ¢ sin kr+ 3 a0k 1) — k) cos kr}, (15)
i=1
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where
a(R) = Mg +1, 3 py(k) afh),
with .
pif(k) = d;(k) —gi(k) fo fi(r) cos krdr.
Now consider the matrix
D(k) = {(1/AD8; — py(K)},

so that from equations (16) and (18) we have

3 1,0k g(k),

1
“R) = epm 2

where £;;(k) are the cofactors of the jith element of the matrix D(k).
From equations (14), (15) and (19) we get the scattering phase shift as

tan 6(k) = 2 tij(k) 9:(k) gj(k)’

 detD(k) 1
and to satisfy the condition (12) we may take

.q;(ko)= 0, for i = 1,2,...,”

or
9:{(k) =0, for i= 1,2,....,m

= 0, i= m+1,...,n.

The coefficients c; (k) for i = 1,2, ..., m are related by the equation

2 ek k) = 0.

541

(16)

a7

(18)

19

(20)

@1

(22)

(23

When condition (21) is satisfied and keeping in mind equation (18), it may be
possible that g,(k) and D(k) have k?—k3 as a factor, and hence we may write

tan 8(k) in the form

tan 8(k) = v(k)(k*— k3)2/(kK*— k2),

(24)

where v(k) is free from the factor k% — k%. We note that tan 8, having this form, can
be interpreted as a zero-width resonance. In general, equation (24) is difficult, if not
formidable, to derive explicitly; however, in the following section we will study a few

different cases and describe the correct interpretations.
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3. A Few Cases for the PEBS
Case 1

We consider the form factor
232
k§+ 87

fi(r) = (Bi r— )exp(—B,- r, (25)

which has been shown to be equivalent to a Coulomb potential (Husain and Awin
1985). In this case we have g(k,) = O for all /. Moreover, when n = 1 the form
factor (25) contains both repulsion and attraction so that the phase shift changes sign
at k2 = k3. This can be compared with the one given by Tabakin (1968) which has
similar properties. We now consider two situations:

Rank-one potential. 1In this case n = 1 and from equations (5) and (10) the PEBS
wavefunction is given by

Y(ky, ) = Nrexp(—=B, 1), (26)

provided that
A = 4B, (k3 +BD*/(k§—B). 7

The phase shift at the energy k2 is given by
tan 8(k) =
—(k*— Kk3)*16kB3/(k*— k3)
(k3 —BD(K2+ B +2B3(k2 + B)2(k§ + B —8BI(K2 — k)(k>—B])

(28)

Rank-two potential. We take n = 2 and the PEBS wavefunction in this case is
given by

Uk, ) = rexp(—8;7), 29

c,B
’32

where one of the ¢; is arbitrary and the A; are determined from equation (8). In a
similar manner, one can get tan 8(k) in the form given by equation (24).

Case 2

Here we use condition (22) to determine both the PEBS wavefunction and the
scattering phase shift at the same energy. We consider the form factor (Yamaguchi
1954)

Jir) = exp(—=B; 1), (30)

where i = 1,2, and g/(k,) +0 for i = 1,2. The PEBS wavefunction at k? = kJ is
(Husain and Suhrabuddin 1980)
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Yp(ky, r) = Niexp(—B; r) — exp(—B, N}, €2))

with
A = 2B1(B1 +By)(kg+BD/(By—B1)s (32
Ay = 2B,(By+By) (kg +B3)/ (B —By) - (33)

The phase shift at the PEBS k2 = k3 is given by
ky cot 8(ky) = (k<2) —B1B)/(B+By). 34

Case 3

Here we consider a rank-three potential with the form factor

f(r) = exp(=B;r), i=12
283 .
= (Bir_ k%"‘B%) exp(_Bi r)’ 1= 3’ (35)

so that g,(k) +0 for i = 1,2 and g(k) = 0. From equations (5) and (10) the
PEBS wavefunction is given by

Wolkyy 7) = kzj-,Bz exp(—B; 7) + 3ﬁ3ﬁ’; exp(—Bs 1), 36)
i=1 0 0 3
with
2 ¢
2 e 7

Moreover, the phase shift at k> = k can be shown to be

ki —B.18
s = 0 ~Mi72
ky cot 8(ky) 5 1B,
L8 B(k3+BD(K3+BY) 39)
o (k3+BD{(K3+BNBy+B3)2 — (K3 + BB, +B3)?)
Case 4
We consider the form factor
Jf(r) = exp(=B; 1), i=12,3, (39)

so that g,(k,) +0 for all /, and the PEBS wavefunction is
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3 (of
Unlho ) = 2 e xp(—Bin), 40
with
3 C:
- =0. 41
i=1 k3+pB2 “h

The phase shift, in this case, is given by

ko cot (ky) =

(k3 — By B)(K3+B2* (B, —By) +(cs/ )(k3 — B, B3)(k3+B2)*(B;—B1)
(k3+B22(B2—B2)+(cs/ e )(k3+B)*(BE—B2) '

42)

Hence, we see that cases 2, 3 and 4 have given rise to both a PEBS as well as a
scattering phase shift.

T T T
im 1 Fig 1. Phase shift 6
as a function of the
energy x for case 1,
5 s J with n = 1.
Ll 4
2
1 1
0 1 2 3

4, Sample Calculations

To get a clearer idea about the behaviour of the phase shift we perform some
sample calculations for the two cases 1 and 2.

Case I (n=1). If we put x = k?/B} (with x; = k3/B?%) then we can write

(x— x)*16x /(x— %)

tan 6 = — .
(%—D(x+1)3+2(x+1)?(%+ 1) —8(x— x)(x—1)

To determine x, we solve equation (27) to get

% = Hp—2)= {(p—6}1,
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where p = IA; B} If we choose p = 6 we get ) = 2; the corresponding phase
shift is shown in Fig. 1.

Case 2. If we take B8, = 2f3,, then

tan 8(ky) = 3x3/(%—2).

Moreover, if A, = 4\, we get X, = 2 and the resulting phase shift is equal to %77'.

5. Conclusions

For a certain class of separable potentials [with g;(k,) = 0] the PEBS can be
interpreted as a zero-width resonance, while for potentials satisfying the condition
that not all g,(k,) are zero and linearly dependent, PEBS and scattering can occur
at the same energy. In addition, we note that for a rank-» potential, we have n+1
equations relating the 2n— 1 parameters A; (i = 1,2,...,m)and ¢; (i = 1,2, ..., n— 1)
and both the PEBS and the scattering phase shift have n—2 parameters. This result
is quite clear from the cases studied. From these arguments, it is obvious that the
interpretation of PEBS as a zero-width resonance does not hold in general and a
different interpretation is necessary.

References

Beam, J. R. (1969). Phys. Lett. B 30, 67.

Bolsterli, M. (1969). Phys. Rev. 182, 1095.

Gourdin, M., and Martin, A. (1957). Nuovo Cimento 6, 757.
Husain, D., and Awin, A. M. (1985). Libyan J. Sci. (in press).
Husain, D., and Suhrabuddin, S. (1980). J. Phys. A 13, L141.
Martin, A. (1958). Nuovo Cimento 7, 607.

Tabakin, F. (1968). Phys. Rev. 174, 1208.

Yamaguchi, Y. (1954). Phys. Rev. 95, 1628.

Manuscript received 21 August 1984, accepted 18 March 1985








