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Abstract

A recently developed general kinetic theory of surface waves is used to calculate the collisionless
damping of low frequency fast and ion—cyclotron surface waves on a magnetised plasma-vacuum
interface. In particular, the possibility of Cherenkov (Landau and transit-time magnetic)
absorption by electrons is accounted for, assuming a bi-Maxwellian distribution of electrons in
velocity space. It is shown that in general the surface waves are damped via mode conversion
to a short-wavelength mode, such as the kinetic Alfvén wave, which is subsequently Landau
absorbed within the plasma. For high temperatures this short-wavelength mode can also
be radiated into the plasma without being completely absorbed. It is also shown that the
related ion-sound surface wave mode and instability identified by Alexandrov et al. (1984)
are unphysical, and are the result of neglecting the gas pressure in the first-order magnetic
field boundary condition.

1. Introduction

The three low-frequency (w < e, wpe) magnetohydrodynamic (MHD) bulk
wave modes which can propagate in an unbounded homogeneous and magnetised
plasma are well known. They are the fast magneto-sound (FMS) and Alfvén
modes, referred to as the compressional and shear Alfvén modes respectively in
some of the older literature, and the ion-sound or slow magneto—sound mode. In
a bounded plasma there are, in general, two related surface wave modes which
can also propagate. They are the fast and ion-cyclotron surface waves considered
by Cramer and Donnelly (1983). These MHD surface modes propagate along
the bounding surface and decay exponentially in amplitude into both the plasma
and the bounding medium. A third surface wave mode, the ion-sound surface
mode identified by Alexandrov et al. (1984), can be shown to be unphysical in
that it arises due to the neglect of the gas pressure in the boundary condition
for the wave magnetic field. This point is discussed in detail in Section 7.

A substantial amount of work has already been done on fast and ion—cyclotron
surface waves, particularly in the ideal MHD limit, that is, for wave frequencies
well below the ion-cyclotron frequency (w < ;). In this limit these surface
waves are degenerate (same dispersion relation) and are commonly referred
to as magneto-sound or Alfvén surface waves. Of particular interest in many
applications are the various mechanisms via which these surface waves are damped,
as it is through wave absorption that plasma heating occurs. Collisional (resistive
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and viscous) damping, for instance, has been studied in the ideal MHD limit by
Gordon and Hollweg (1983) and Steinolfson et al. (1986) in connection with solar
coronal heating. A form of collisionless damping which has also been studied
in some detail is Alfvén resonance absorption. In the ideal MHD limit this has
been considered by Chen and Hasegawa (1974), Ott et al. (1978), Ionson (1978)
and Kuperus et al. (1981). More recently, Cramer and Donnelly (1983) have
extended the analysis to frequencies up to and above the ion—cyclotron frequency.
This mechanism, however, operates only when the surface layer is smooth.

In the case of a sharp plasma-vacuum interface an alternative collisionless
damping mechanism has been identified for ideal MHD Alfvén surface waves in
high temperature plasmas [V > va, where V) is the thermal (r.m.s.) electron
speed along the ambient magnetic field and v4 is the Alfvén speed] by Cramer
and Donnelly (1992). This mechanism is similar to Alfvén resonance absorption
in that it involves mode conversion to a short-wavelength mode, in this case the
kinetic Alfvén wave (KAW), which propagates energy away from the surface.
We note that the calculation of Cramer and Donnelly involved a fluid theory
approach which is incapable of accounting for Cherenkov (Landau and transit-time
magnetic) and cyclotron absorption due to resonant wave-particle interactions.
As in the case of Alfvén resonance absorption, the surface wave damping is due
to the mode conversion itself and is independent of the subsequent fate of the
KAW which, in the absence of Cherenkov and cyclotron absorption, is radiated
into the plasma without being absorbed.

In general one is justified in neglecting electron—cyclotron absorption of fast and
ion—cyclotron surface waves given that they satisfy the condition w <« ., that is,
they have frequencies well below the electron—cyclotron frequency. Ion-cyclotron
absorption can be significant for wave frequencies close to the ion-cyclotron
frequency (w = €;), however, in the present paper we restrict our attention to
Cherenkov absorption. It is important to consider Cherenkov absorption for
two reasons. Firstly, it enables us to consider the absorption of the radiating
KAW and thereby the possibility of plasma heating. Secondly, the inclusion of
Cherenkov absorption is important when V| < wva, as it can lead to significant
damping of the surface waves even though, in that case, the KAW does not
radiate.

We note that Cherenkov absorption of ideal MHD Alfvén surface waves has
been considered recently by Assis and Busnardo-Neto (1987) and De Assis and
Tsui (1991) as a possible mechanism for the heating of the solar corona, and
it was concluded that the surface waves are absorbed mainly via transit-time
magnetic damping. In these papers, however, the plasma was effectively assumed
to be infinitely conducting through the neglect of the short-wavelength mode
in the analysis, and as discussed by Rowe (1992) this is a valid simplification
only when one is free to assume that the electron mass m. = 0. Given that the
damping rate found in these papers is proportional to m. the theory appears
to be inherently inconsistent, and it is thus important to reconsider Cherenkov
absorption of these surface waves.

In the present paper we account for the possibility of Cherenkov absorption
of fast and ion—cyclotron surface waves using a general kinetic theory of surface
waves developed by Rowe (1991), and generalised slightly to account for the
gas pressure in the first-order magnetic field boundary condition (this extension
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of the theory is detailed in Appendix 1). This theory correctly accounts for
the short-wavelength mode and is a relatively straightforward way of calculating
surface wave damping. The results thus obtained correctly reproduce the ideal
MHD results of Cramer and Donnelly (1992) in the cold plasma (Vo < va)
and hot plasma (V) > v4) limits, for which Cherenkov absorption of the waves
can be neglected. In Section 2 the method of calculation is summarised and we
define a general surface wave absorption coefficient in analogy with the familiar
bulk wave absorption coefficient. In Section 3 we summarise the properties of
the fast and ion—cyclotron surface waves in a cold plasma. This serves two useful
purposes. Firstly, it allows some notation to be introduced, and secondly, it is a
natural point from which we can consider the thermal effects as a perturbation.

Section 4 then details the appropriate dielectric tensor for these waves in a
thermal plasma. Note that Cramer and Donnelly (1992) only considered electron
motion along the magnetic field lines [V, = 0, where V. is the thermal (r.m.s.)
electron speed around the ambient magnetic field lines] through their choice of
the dielectric tensor (although they do not explicitly state this), while Assis
and Busnardo-Neto (1987) and De Assis and Tsui (1991) considered an isotropic
(Ver = V) velocity distribution of electrons. In this paper we use a more
general distribution with an arbitrary electron velocity anisotropy. Section 5
deals with the calculation of the surface wave growth rate (which is negative
for wave damping) and frequency shift, and the results are discussed in detail
in Section 6. In Section 7 we consider the ion—sound surface wave identified
by Alexandrov et al. (1984), and show that it is unphysical. We note that an
important consequence of this result is that the ion-sound surface wave instability
discussed by these authors does not exist.

2. Method of Calculation

A general method for calculating surface wave dispersion relations was first
given by Rowe (1991) and has subsequently been discussed in detail by Rowe
(1992), in the context of low frequency surface waves in a cold magnetised plasma.
In this section we give only a general outline, concentrating on some definitions
which we will need for the following sections. Any remaining definitions can
be found in the aforementioned papers. We do, however, extend the above
treatments by including a discussion of the surface wave absorption coefficient.

(a) Surface Wave Dispersion Relation

We assume that a homogeneous plasma occupies the x < 0 half space and
a vacuum occupies the = > 0 half space, the interface between the two media
being sharp. The dispersion equation for surface waves propagating along the
interface with frequency w and surface wavevector ks = (ky, k,) then takes the
general form

Zs(kas) = 07 (1)

where Z;(w,k;) is the determinant of the 2 x 2 matrix

dry

Zs(w,ks) = E

As(w, k)Qs(w, k), (2)
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with (:= denotes a definition)

drs = lim /dﬁeik”, 3)
2 z—0~ 2w

Ty = ky/ks and k, := [k,| = (k2 + k2)%. The surface wave dispersion relations
are then identified as the solutions w = w,(ks) of equation (1).

The matrix Z,(w,k;) describes the response of the plasma-vacuum system to
the surface wave fields and is thus called the response tensor of the system. The
other two matrices involved in the integrand are the surface field propagator
Qs(w, k), which determines the surface components of the electric fields associated
with the surface wave, and the kernel matrix A (w,k), which encompases the
electromagnetic boundary conditions. General forms of these matrices have been
given in Rowe (1991, 1992) subject to the assumption that the first-order wave
magnetic fields are continuous across the interface. This assumption is, however,
not valid in general for a thermal magnetised plasma, and one requires a slightly
more general form of the kernel matrix than that given in the above papers.
This extension of the theory is not relevant to the following discussion and is
detailed in Appendix 1. Specific forms of Qs(w,k) and A (w,k) appropriate
for the problem of interest in this paper are provided in Section 5, and these
generalise the specific forms given in Rowe (1992) for a cold magnetised plasma
to the case of low frequency waves in a thermal plasma.

In general the response tensor (2) can be evaluated via contour integration,
the poles in the integrand being determined by the zeros of the denominators in
Qs(w,k) and given by the familiar bulk wave dispersion equation

A(w, k) =0, (4)

where A(w, k) is the determinant of the 3 x 3 bulk plasma response tensor (Melrose
1986)

A(w, k) =n*(kk — 6) + K(w, k), ()
and K(w, k) is the dielectric tensor of the plasma. Here n = ck/w is the refractive

index, K =k/k is the unit vector in the direction of propagation and &§ is the
unit matrix. The response can thus be interpreted as a sum

Zo(w k) = Zop(w, k) (6)
M

over bulk mode contributions (labelled by M)

ZsM(wa ks) = Ay (w, ks)QsM (w, ks) (7)
with
AsM(wyks) = As("-’: kM,ks) s (8)
Qsm(w,ks) := —i¢ lim [(ry — rm)Qs(w, k)],

Te—TM



Collisionless Damping 275

corresponding to a given pole 7, = ryp = 7p (or equivalently, ky = kzpm = kar).
Note that in general there are contributions only from the poles located in the
lower half of the complex 7, plane in which the contour of integration must be
closed, that is, Im 73 < 0. As noted in Rowe (1991, 1992) this corresponds to
wave fields (for each bulk mode M) which decay exponentially into the plasma,
given that the wave fields vary as exp(ikprx) for each mode, and is in accordance
with the definition of a surface wave. (In Section 6 it is shown that poles with
Im 7ps > 0 can contribute when the surface wave is a radiating mode or leaky
surface wave.)

It was noted in Rowe (1992) that for a magnetised plasma, as we are dealing
with in this paper, the determinants of the matrices Zsp(w,ks) are identically
zero and that as a result the surface wave dispersion equation (1) may be written
in the form of a trace. In the case considered in this paper there are only two
contributing bulk modes (M = =, say) and we obtain specifically the result (Tr[ ]
denotes the trace)

Zs(w, ks) = Tr[Zs4 (w, ks)C5— (w, ks)] = 0, 9)

where (,_(w,ks) is the matrix of cofactors of Zs_(w,ks). This result will be
used in Section 5 when we consider the fast and ion—cyclotron surface waves in
a thermal plasma.

(b) Surface Wave Absorption Coefficient

Surface wave damping is treated by including the antihermitian part of
the plasma-vacuum response tensor Zs(w,ks) and allowing the frequency and
wavenumber (here w and k) to have small imaginary parts, assuming that
the dissipative effects are of first order (weak damping assumption). Including
dissipative effects arising from the antihermitian part of the response as a
first-order correction Im AZs(w,k;) to the dispersion equation (1) we write

Z%(w, k) +Im AZ (w, k) =0, (10)

where the solutions w = ws(ks) of Z%(w,ks) = 0 determine the frequencies
(dispersion relations) of the undamped surface waves in the absence of dissipation.
Equation (10) is solved by balancing the small correction Im AZ;(w,ks) with
the small corrections to the frequency and surface wavenumber by making the
replacements w — ws(ks) +iw;(ks) and ks — ks +iks;. Here, w;(ks) is the growth
rate of the surface waves, and |k;| is inversely proportional to the absorption
(or attenuation) length of the surface waves in the surface plane. We then obtain
an equation which relates all first-order quantities, and defining the surface wave
absorption coefficient

Vs (ks) = —2{wi(ks) — ksi - vgs(ks)}, (11)
where
Ows(ks)

Vgs(ks) = T (12)
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is the surface wave group wvelocity, we obtain in analogy with the bulk wave
result (e.g. Melrose 1986)

_ 2Im AZ(w, k)

Vs (ks) = .
0Z(w,ks)/0w |, 1,

(13)

In the context of surface waves we note that the term ‘absorption’ as used
above refers to the decay of the surface wave energy within the vicinity of the
surface at which it is localised. Thus, surface wave ‘absorption’ can occur either
via resonant wave-particle interactions which transfer energy from the surface
waves to the plasma particles, resulting in plasma heating, or via radiation of
surface wave energy away from the surface due to mode coupling to a freely
propagating wave such as in the case of a leaky surface mode. In the latter case,
absorption of the surface waves does not immediately imply that plasma heating
occurs, and one needs to consider separately the various absorption mechanisms
applicable to the propagating mode.

Finally, let us note that if we assume ky; = 0 (corresponding to a surface
wave which is uniformly excited along the surface plane at some initial time),
and we allow for a real frequency shift Aw(k;) in addition to the imaginary shift
iw;(ks), we can write instead of (13)

AZ(w, ks)

Aw(ks) + iw;(ks) = —m (k,) '

(14)

In this paper we are mostly concerned with the ky; = 0 case, and we include
the real frequency shift for completeness. This provides an additional point of
comparison between the results to be derived in this paper and those of Cramer
and Donnelly (1992) who obtained the frequency shift for the ideal MHD surface
waves in a cold plasma (using a different approach to that of this paper).

3. Review of the Cold Plasma Results

We begin our investigation of fast and ion—cyclotron surface waves in a thermal
magnetised plasma by summarising the results for a cold plasma. In Section 5
thermal effects will be considered by treating them as small corrections to these
cold plasma results. The cold plasma dispersion relation has previously been
obtained by Cramer and Donnelly (1983) and more recently by Rowe (1992),
the latter using the method which we have briefly described in the preceding
section of this paper. In the interests of continuity, we shall follow the paper of
Rowe here.

Assuming that the ambient magnetic field By is directed along the z-axis (and
is thus parallel to the bounding surface), the dielectric tensor for a cold plasma
is of the form (Stix 1962; Melrose 1986)

Sw) —-iDw) 0
Kw)=| iDw) Sw) 0 , (15)
0 0 P(w)
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where S(w), D(w) and P(w) are functions of the frequency onmly. For the
description of low frequency (w < Qe, wpe) fast and ion—cyclotron surface waves
the relevant approximations of these functions can be written as

nfq - nif - nzA (16)

N ——— —_—

9 ~ ) P~-—% 9
(1-7% (1-75% puf?
where f:=w/Q; is defined to be the normalised frequency,

na:=cfvg>1 (17)

is the Alfvén refractive index, with v4 = By/ (p,opi)% the Alfvén speed, and

Q;
=" 1. 18
i o, < (18)

The specific forms of the surface field propagator Qs(w, k) and the kernel matrix
As(w, k) corresponding to the dielectric tensor above are given in Rowe (1992)
and we will not repeat them here. We note, however, that these may be obtained
from the more general results of Section 5 by considering the cold plasma limit.

The first step in the determination of the cold plasma dispersion relation is
the identification of the poles which appear in the integrand of the response
tensor (2). As stated in Section 2, these are determined by solving (4) for
the wavenumber k. In general, only two poles contribute to the response in
the cold plasma approximation (as there are only two poles in the lower half
of the complex 7, := k;/ks plane in which our contour of integration must be
closed) and in the low frequency regime the squares of these poles (which shall
be denoted by 74 = r,4) take the approximate forms

P(S - nirf)

2 9y
Sn’

.2 2
2 (35) - o (19)

n? ) n2(S-nZr?)’

i~

to dominant terms in u, provided (S — n2r2) % 0. Here, n, := cks/w is the
surface refractive index and r, := k,/ks. These poles correspond to the two
bulk modes of the plasma which contribute to the surface wave fields. The
two modes here labelled simply + and — have been given the generic names
short-wavelength or quasi-electrostatic wave (QEW) and magnetohydrodynamic
(MHD) modes respectively by Cramer and Donnelly (1992).

The next step in the determination of the dispersion relation is the calculation
of the contributions Z,. (w,k,) to the response [see equation (6) with M = +].
In view of the inequality (18) these contributions may be expanded in powers of
/i, and the approximate forms (19) for the two poles are valid to O(,/zz), as are
the approximate forms (16) for the dielectric tensor elements. The zeroth-order



278 G. W. Rowe

[O(1)] contributions lead to the zeroth-order dispersion equation which, neglecting
displacement current effects, may be written in the form

- _i[(S—ng)r§+Dry]
T (§—nir2) |’

(20)

with 7y := ky/ks = £(1 —r2)%. This dispersion equation can be solved for the
surface refractive index n, by squaring both sides and using (19) to eliminate
r2. The result is

n2 = n%
Tl )+ A=)

and after further manipulation the positive frequency solutions are found to be

(21)

f= alrz![(a2r§7°§ +2- 7‘3)% +ary|r.], (22)

where we have defined the dimensionless parameter o :=vak;/§;. As noted in
Rowe (1992), equation (22) is equivalent to the solution of Cramer and Donnelly
(1983), apart from notational differences.

log f

0 02 04 06 08 1
]

Fig. 1. Surface wave frequency f as a function of |r,| for various values of
a. The solid curves are for the fast surface mode (r, > 0) and the broken
curves are for the ion-cyclotron surface mode (ry < 0).

Plots of the cold plasma surface wave frequency f are shown in Fig. 1 for
various values of a. As indicated, the solutions are valid only for restricted
ranges of |r,| = |cosf| (here § is the angle between rs := k,/k, and the ambient
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Fig. 2. Plots of (a) —Im r— and (b) —Im 74 as functions of |r,| for various values of a.

The solid curves are for the fast surface mode (ry > 0) and the broken curves are for the
ton—cyclotron surface mode (r, < 0).
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magnetic field By = Bpz) beyond which (22) corresponds to spurious solutions
introduced by squaring (20). Specifically, note that (21) and (22) are valid
surface wave solutions of (20) only when the right-hand side of (20) is negative
imaginary (we have already established that we need Im r_ < 0 for surface
waves). Substituting the solution (21) into the right-hand side of (20) we obtain
the — mode wavenumber as a function of frequency:

1-2r2) —¢3
r =i[_—f a-2r) ] (23)
(f+7y)0
with f as given in (22). Plots of —Im r_ as given by (23) are shown in Fig. 2a.
For completeness note also that evaluating 'r_2|_ as given in (19), and taking the
relevant root so that Im r, < 0, we have the + mode wavenumber

Py = iy = —iW—“L;y)T—"l . (24)

Plots of —Im 7, are given in Fig. 2b.

We now consider some of the features of these surface wave solutions. For
frequencies close to and above the ion-cyclotron frequency (; there are two
distinct surface wave modes corresponding to r, > 0 and r, < 0. In the ideal
MHD regime f <« 1 (corresponding to «|r,| < 1) these two wave modes are
degenerate with frequency given approximately by

f=alr|(1+rd)t, (25)

This is the familiar result for Alfvén or magneto—sound surface waves and is the
dispersion relation derived by Assis and Busnardo-Neto (1987).

In general, the cut-off frequency of the r, > 0 mode corresponds to the point
at which r_ =0 (see Figs 1 and 2a). The cut-off frequency for this mode may
thus be determined by setting r2 = 0 in (19), which yields the familiar dispersion
relation for the compressional and shear Alfvén bulk waves (e.g. Akhiezer et
al.). Specifically, the cut-off frequency may be identified as the frequency of the
fast magneto—sound (FMS) or compressional Alfvén branch of the bulk mode
dispersion relation and at the cut-off the surface wave solution is said to merge
with the FMS bulk wave spectrum. For this reason the r, > 0 surface wave
mode has been named the fast surface wave by Cramer and Donnelly (1983).
Beyond the cut-off point only bulk waves can propagate with r, > 0.

In the case of the ry < 0 surface mode the cut-off frequency corresponds to
the resonance r_ = —ioco. In this case the cut-off frequency is given by the
generalised Alfvén resonance frequency (Cramer and Donnelly 1992)

wr = valka|/(1+ 03k /Q)2 (26)
corresponding to (S — n2r?) = 0. It is easily shown that w, < Q;, and the

Ty < 0 mode is thus closely related to the shear Alfvén branch of the bulk mode
dispersion relation. Near f = 1 the shear Alfvén bulk mode is often referred
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to as the ion—cyclotron mode, and in analogy the surface wave mode has been
referred to as the ion-cyclotron surface wave by Cramer and Donnelly (1983).
Beyond this cut-off point only bulk waves can propagate with r, < 0.

Note that at the ion—cyclotron surface mode resonance r— = —ioco the surface
wave dispersion relation is not strictly valid, as it was assumed in its derivation
that (S —n2r2) % 0 which implied, given P ~ 1/u > 1, that |r4| > |r_|. That
this condition is violated near the resonance may been seen from Fig. 2 where the
plots for r_ and 7, := ,/pry are shown. In general the assumption |ry|>> |r_|
is valid but near the resonance r_ — —ioco while 7y — 0. It has been shown
by Cramer and Donnelly (1992) that a proper expansion of the wavenumbers
around the resonance point leads to the result |ry| = |r_| at the ion—cyclotron
surface wave cut-off. A numerical solution of the exact cold plasma dispersion
equation (i.e. retaining all orders of \/iz) carried out by the author indicates that
the sole effect of this is that the actual cut-off frequency for the ion—cyclotron
surface wave is reduced slightly from that given by the approximate results of this
section. For frequencies f ~ 1 we note that the resonance can also be removed
by thermal effects associated with ion—cyclotron absorption.

4. Dielectric Tensor for a Thermal Plasma

In order to account for Cherenkov damping of fast and ion—cyclotron surface
waves in a thermal plasma we must first identify the appropriate dielectric tensor
K(w, k) using plasma kinetic theory. The most general result for a magnetised
plasma is that of Melrose (1986) [equation (10-21)] which involves a distribution
of particles f(p) over particle momenta p. In this paper we shall consider the
non-streaming bi-Maxwellian particle distribution (normalised to number density

n)

2
flp) = - i] , (27)

n
I B
@ PPV VE T [ V7~ 27

which is appropriate in the nonrelativistic approximation. Here, v; and v, are
the particle speeds parallel and perpendicular to the ambient magnetic field,
Vi and V, are the corresponding thermal (r.m.s.) particle speeds, and m is
the particle mass. The exact dielectric tensor for this distribution is given by
Melrose (1986) [equation (11-27) with U = 0] for the k, = 0 reference frame.
This form is too complicated, however, to be of any practical use and a number
of approximations and simplifications, in addition to those which were made for
the cold plasma dielectric tensor of the previous section, must be made. These
are now outlined below.

(a) Simplifying Assumptions

We assume that the radius of gyration (Larmor radius) R = V,/Q of all
species of particle is small compared with the wavelength A, := 27/k, [where
ky = (kZ+ k;)%] so that the inequality

KVE

7 K1 (28)
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is satisfied. In this limit (known as the small gyroradius limit) the only significant
contributions to the time-irreversible (antihermitian) part of the dielectric tensor
are those corresponding to the particle-wave resonances w — k vy =0 (s = 0,
where s is the harmonic number) and w — kv FQ =0 (s = £1), which relate
to Cherenkov and cyclotron absorption respectively. This condition also ensures
that we are justified in our assumption that the surface layer can be regarded
as arbitrarily sharp [recall that this is the assumption which was made in the
derivation of the general surface wave dispersion equation (1)]. As shown in
Appendix 2, the thickness of the surface layer is equal to the Larmor radius of
the particles.

A further simplification is to assume that the ions (denoted by subscript %)
are sufficiently cold that the conditions

w Qi > V2IE |V, w > V2IE|Vy (29)

are satisfied and all thermal effects due to the ions can be ignored (effectively,
Vil =0). Clearly, the first of these approximations breaks down for frequencies
close to the ion—cyclotron frequency |w| = ; where cyclotron absorption by ions
becomes significant. In the present paper, however, we are only interested in
Cherenkov absorption by electrons. In a similar manner we assume that the
electrons satisfy (noting that w < Q. from Section 3)

lw £ Qe| & Qe > V2[k.|Vy (30)

so that electron—cyclotron damping can also be neglected. Unlike the corresponding
ion inequality, this condition is always easily satisfied in practice.

(b) Dielectric Tensor for ky, =0

After making the above approximations the exact dielectric tensor reduces to
(in the k, =0 frame)

S —iD 0

K(w,k)=| iD S+ uGk2/k? —iRk./k, |, (31)
0 iRkg [k, Flu
where
__Ma p___maf
1-s? a-s’
Iy 2

G=-na+ a2 R- BA(1+ 401 - 60, (32)

F =224 11 - §(:)
= 2212 ,

and the plasma dispersion function $(z) is given by
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#(z) = ze % [2 /0 " dte? ars I] (33)
- —i\/7—rze_’2[ )]

with Erf(z) denoting the familiar error function (Abramowitz and Stegun 1965)
and

|k |

w

=—. 34
v (34)
The other quantity introduced above is the dimensionless parameter
A= Ve =l g (35)
Vi Ty

which is a measure of the electron velocity, or temperature anisotropy. Note that
the parallel and perpendicular plasma temperatures are defined by T, := mer”
and T, = merl respectively, in units where Boltzmann’s constant is set to
unity.

In the isotropic temperature case (A. = 0) the dielectric tensor given above
is consistent with that which appears in Stepanov (1958), apart from notational
differences. It is also the dielectric tensor used by Assis and Busnardo-Neto
(1987), De Assis and Tsui (1991) and Akhiezer et al. (1975), although in these
papers and text numerous typographical errors have been made. We stress here
that the dielectric tensor accounts only for Cherenkov damping, which includes
Landau damping and transit-time magnetic damping, through Im ¢(z) which
leads to the antihermitian part of the bulk plasma response.

It should be noted that in writing down the form of F' as above we have also
made the implicit assumption that |z| > /u. It is instructive to note that in the
ideal MHD regime, where the fast and ion—cyclotron surface modes are degenerate
with frequency given by (25), this condition is satisfied for these waves provided

! I 1’2
By = = = 2( > L1, 36
Pl 38/2/.1,0 Uq ( )

where () is the parallel plasma beta (ratio of parallel gas pressure P = neTy
to magnetic pressure B2/2uo) due to thermal electrons, and v, := ellv/1 s the
ion-sound speed [this definition is consistent with Melrose (1986), equation (1-6)].
Thus, in general the form of F' given above is suitable for a low parallel beta
plasma only. Also note that, provided the quantity (1 + A.) is not too large,
(36) implies that the perpendicular plasma beta (P.; =n.Te,)

Bpr = =B (144 < 1. (37)

Pe_L
B3 /2p0

As shown in Appendix 2, this is a necessary condition for the ambient magnetic
field to be assumed continuous across the interface as was done in the derivation
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of the general surface wave dispersion relation (Rowe 1991). The more general
form of F is

n%
7

where the additional term is a contribution from the cold ions.

F=—522[1-¢(2)] - u), (38)

(c) Dielectric Tensor for ky # 0

In the case of bulk waves the above result for the k, = 0 frame of reference
is sufficient as the bulk plasma exhibits cylindrical symmetry about the ambient
magnetic field and consequently one may arbitrarily set k, =0 (or k, = 0) to
simplify the analysis. This symmetry is lost, however, in the presence of the
surface. In particular, note that the low frequency surface waves in which we are
interested exist only for k, # 0, the surface wave modes being cutoff in general
well before |r,| =1 (or equivalently r, = 0) as was illustrated in Fig. 1. As a
result we need the more general dielectric tensor with ky # 0. This can be easily
obtained from the k, = 0 result by a unitary rotation about the z-axis given by

K(ky #0) = RK(k; = k1, k, = 0)RT, (39)
where
ke —k, 0
R- L ky ks O (40)
ki
0 0 ki

is the unitary rotation matrix, R denotes the transpose of R and k1 := (k2+k2)%.
The dielectric tensor in this more general frame of reference is

S+uGk2/k2  —iD — uGkyky/k? iRk, /k,
K(w,k) = | iD — pGkyk,/k2 S+ uGk2/k? —iRk; [k, | . (41)
—iRk,/k, iRk, [k, Flu

We note that this reduces to the cold plasma dielectric tensor (15) with
(16) in the cold plasma limit V,; — 0 (or |z| > 1), as then ¢ ~ 1+ 1/222 and
both G and R — 0, while F/u — P. Conversely, in the high temperature limit
|z < 1 with an isotropic velocity distribution (A = 0) and k, = 0, this result
reproduces that of Melrose (1986) [equation (10-74)] used to derive the thermal
corrections for ideal MHD bulk FMS and Alfvén waves [provided we use the
more general form of F' as given in (38)]. We are now in a position to calculate
the response tensor for the plasma-vacuum system, and the growth rate of the
fast and ion—cyclotron surface waves.

5. Calculation of the Growth Rate
(a) Propagator and Kernel Matriz

The elements of the surface field propagator Qs(w,k) corresponding to the
dielectric tensor (41) of the previous section can be written down with respect
to the standard basis in the form
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[(S —nd) + uGry/rf)[F/p — n3rd] — [ngrir? + RPry/r2)

Quule, ) = o

Que(w k) = — (S — n2) — n2r2|n2ryr, — iHry /v, + [DR + pGn2r2|r, /r, ’
yeRm A(w, k)

Qe k) = — [(S = n2) — n2r2In2ryr, +iHry /7, + [DR + pGnZrilr, /v, ,
v Aw, k)

2.2 C2.2Y (2,2 _ 2 .21 _ p2
sz (w, k) — (S - nsrz)[(s ’n,st) (nst .U’G)TJ_/rz] D , (42)
Alw, k)

where 7§ :=r2 4+ r2 and we have defined

H := DnZr? + R(S — n?r?). (43)

The corresponding elements of the kernel matrix Ag(w,k) are, quite generally
(using the form given in Appendix 1),

(1—n2r?) _ rarg(S - n2r2) —iDr¥r,

Ayy(w, k) = ,
" ng (S = n3) + uGry/rZ]
(n2ryr2 —ir®R)  rlry[n2rer, +iRry /75
Ayy(w, k) = z £ o zVls , (44)
el . (5 — ) + uGr2
Anylw k) = [(S —n2) — n2rerilryr, +iDrlr, + puG(rerl + rz)ry/rz
o [(S = n2) + uGr}/rZ] ’
Anaw k) = (1- n?ri) 3 reral(S — ngrz) + uGri/rz] +iRryry
B n; (S = n3) + uGry /r2] ’
where
i 1—n? 5
rei- () )

with Im 7 > 0, is the normalised vacuum wavenumber. These are generalisations
of the cold plasma results quoted in Rowe (1992) to allow for the thermal
corrections to the dielectric tensor as given in the previous section.

As in the case of a cold plasma we can write the determinant A(w,k) in the
form of a quadratic

Aw, k)

A(w,ks)r‘i — B(w, ks)ri + C(w, ks)

Aw, ko) (rf = r3)(r7 = r2), (46)

where 3 :=r2 42 as above and the zeros are given by

B+ (B*-440)%
24 —’l"y.

ri= (47)
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The coefficients in the thermal plasma case are

Alw, k) = Sn§(1~ HG )
n

B(w,ks) = n? [(5 - (—IT%TQLL)) + S) (S—n%r?) - D%+ 2DR} . (48)

Clwk,) = = [(s 22y Dz] ,

which we note reduce to the correct cold plasma coefficients in the cold plasma
limit discussed in the previous section. While we have not outlined the steps
involved in the derivation of these coeflicients it is worthwhile noting that they
are most simply derived by appealing to the cylindrical symmetry (about the
ambient magnetic field Bg = Boz) of the bulk plasma response, that is, by
using the (k, = 0) frame dielectric tensor (31) rather than the more complicated
general frame result (41) which was required for the calculation of Qs(w,k) and
A (w, k). The determinant (46) for the general frame is then retained by simply
making the replacement k2 — k2.

(b) Response Tensor

We can now evaluate the contributions Z,y(w,ks) to the plasma-vacuum
response corresponding to the two contributing bulk modes, according to (7) and
(8). As in the cold plasma case, these contributions can be expanded in powers
of /. We note that the poles corresponding to (47) can be approximated to
O(y/) by

2 F(S - ng’”i)

T B

S —n?2 D?
2 s ) , 49
- ( ) 25 =) 49)

which are the same as the cold plasma results (19) except that now r2 involves
thermal effects through F. The approximations (32) for the dielectric tensor
elements are also valid to O(,/x), and in order to obtain the thermal corrections to
the dispersion equation we must now include the O(/z) terms in the expansions
of Zs4(w,ks). Again, we write 7} := \/ury so that all u-dependence is explicit.

For the — mode the surface field propagator, kernel matrix and response tensor
all take the same forms to O(y/u) as in the cold plasma case of Rowe (1992)
(except that 7y and F are as defined in the present paper), and we can thus
immediately write down the response tensor

iF(S —n2) [Dyy- 0
Z, (w,ks) = ——7F—2~ O(u), 50
(k) = gr s ( NI REL (50)



Collisionless Damping 287

where
(1 — n2r2)(S — n?) — r_r¥n?(S — nZr2) + iDrir,n?
n3(S —n3)
(S = n?) — n2r_r2lryr, +iDrir,

A,y = s) M7y . 51
y 5= e

For the 4+ mode the surface field propagator is given by the cold plasma
result (again with 7 and F' defined as in this paper) plus an additional O(,/k)
correction which, for convenience, we write in the form

(SHF
0 _WT m
AQe k) _ _iF P +0(m).  (52)
N 28%ni7 | iSHF, 0 -
Fr, VB

The kernel matrix for the + mode is, in full,

A A’IZ
ﬂmﬁwmg=(f” J+>+mm, (53)
Azy+ Azz—l-
where
A —7yr2n2(S — n2r?) + (1 — n2r2)(S — n?) +iDrlryn?]\/1t
yy+ = 2(S n2) ’
A = —nsrroryr? + {(S — n2)n2ryr? — ir? R(S — n27'2)}\/_
vt (S — n?)n’r,
_ —nzf raryry + [(S — n)ryr, +iDrir,
Ayt = +oly [((S_nz))J e, (54)
AL Terend(S = n2r) 4 (1= n2r2)(8 — nd) = iRryrind) /E
A 3(3 - ns) .

The response tensor for this mode is then

Z. Ly
zwwx9=(y“ ”+)+mm, (55)
Zoyst

Zzz+

where we need only write down the two elements

1F(S
Zyzy = %m—)[(s = Vry +irgDlrz/12,
Ty
iF(S — n%r?) -
Zyoy = — W—[Snir-}-r:c —{SA—nir)) —niri}val,  (56)

in view of the fact that the determinant Zs(w,ks) (in which we are interested)
can be written as a trace as was outlined in Section 2 [see also equation (57)
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below]. We note that the determinants Qs+ (w,ks) =0 and Zsy(w,ks) =0 to
O(\/1), as they must in accordance with the discussion in Rowe (1992).
(c) Growth Rate

Using (9) and the above results for Zsi(w,ks), the determinant of the
plasma—vacuum response evaluates to

Zs(w,ks) = Zzz+Zyy—— - Zyz+Zzy— + O(/.L)
= ZJ(w,ks) + AZy(w, ks) +O(n), (57)

where we can now identify the zeroth-order [O(1)] and first-order [O(,/g)] terms
as

_ (S n2) v
Z2(w,k,) = [4n4(S iy )r_]A (58)

r3l(S = n3)(1 = nir?) — rir_n3(S — nir}) +iDniryr]
4nd(S — n2r2)r_ ’

and
(S ng) )] 2
AZg(w, k) = -1 YDinir, AL,
(w, k) = 5n8(S 2187 {(S = 1)ry +iriDinir,A,,
—{s(1 - "i"ﬁ) - "iTE}Ayy—]\/ﬁ (59)

respectively. The zeroth-order dispersion equation Z%(w,ks) = 0 with the
identification (58) is the cold plasma dispersion equation given by Rowe (1992)
and reduces to (20) when the displacement current effects are ignored. There are
no thermal corrections in the zeroth order; these appear only in the first-order
correction AZg(w,k;).

In order to evaluate the surface wave absorption coefficient as given by (13),
or the frequency shift and growth rate as in (14), we must evaluate the derivative
0Z2(w,k,)/0w. The calculation is simplified somewhat by writing Z%(w,k,) in
the form (discarding displacement current corrections)

iS(S — n?)[{2fry + (1+r )In2r? —n3)
4nS(S —n2r2)r_[(S — n2)r2 + Dry —ir_(S — n%r?)]’

Z(w,ks) = (60)

and the required derivative evaluated at the zeroth-order surface wave frequency
(22) is then found to be

_ [(—iS(S - ni)niri) {fry + (1 +72)}
ws(ks)

4n3(S = n2rd)r_ ) w{(S —n?)rl + Dry} ], o)

Ow

We also have

Az, (wulko) ki) = EZElEr = Debae Vi ©)
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where A,,_ evaluates to A,,_ = (1+ir_)r,/r, and where the zeroth-order
wavenumber 7, evaluates to (using equation 21)
T =|f +rylé/abe, (63)

with B, := V/va and & :=[1 — #(2)]%. Here, the branch of the square root is
chosen such that Im & < 0 and Re ¢ < 0, corresponding to + mode fields which
spatially decay into the plasma (Im 7y < 0) and a + mode energy flux away
from the surface (Re 7, < 0). After further algebra the frequency shift and the
growth rate are found to be (taking ks; =0 and omitting the argument k, for
brevity)

Aw f(1—2r§)—r2 Im ¢

o = P T G, e VR (64)
wi _ f(1—2r§)—r§ Reé

ws ofe L4+ (f +ry)ry |§|2‘/‘_"

where we stress that f is the normalised zeroth-order frequency of (22). We note
for completeness that the absorption coefficient in general (i.e. for w;, ks # 0)
is given by 7s = —2w; with w; as given in (64). This may be used to calculate
the absorption length of the surface waves along the surface when kg; # 0.

Given that Im £ < 0 and Re £ < 0 we immediately note that the surface waves
are frequency-shifted downwards (Aw < 0) and temporally damped (w; < 0).
We also note that the frequency shift and growth rate depend only upon the
temperature of the electrons parallel to the ambient magnetic field via V). This
dependence comes from the K,, element of the dielectric tensor (41) which
determines the Landau damping of the surface waves, which we note is absent in
the fluid model of the plasma used by Cramer and Donnelly (1992). The results
given in (64) also generalise those of Cramer and Donnelly (1992) in that they
allow for frequencies close to and above the ion—cyclotron frequency (i.e. f & 1)
and arbitrary |r,|. In the following section we discuss the above results in detail,
and show how those of Cramer and Donnelly (1992) are retained upon taking
the limit |r,| — O (and therefore f < 1) and either |z| > 1 (cold plasma limit)
or |z| € 1 (hot plasma limit).

6. Discussion of Results

(a) General Discussion

The damping of the surface waves can be attributed in general to the mode
coupling of the — (MHD) mode in the plasma and the vacuum mode to the +
(QEW) mode due to the finite conductivity of the plasma. [As discussed in Rowe
(1992) this mode coupling is always present except in the infinite conductivity
case, 4 = 0.] Specifically, the damping rate arises from the O(,/p) thermal
corrections to the + mode response tensor Z,(w,ks), recalling that there are no
thermal corrections to the — mode response, and w; ~ Re 7 < 0 [see equation

(63)] corresponds to a + mode energy flux away from the surface and into the
plasma.
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Given that the antihermitian part of the dielectric tensor K(w, k) appears only
in the + mode corrections to the response, it is clear that the — mode is not
directly Landau absorbed. That the — mode cannot be Landau absorbed can
be understood on a physical basis, given that Landau absorption of waves in
magnetised plasmas is due to the acceleration of particles (in this case electrons)
along the background magnetic field By = Byz via the z component E, of the
wave electric field. As shown in Rowe (1992), only the + mode has a nonzero
E,. Thus, taking into account that both the — mode and the vacuum mode
are evanescent (and therefore cannot radiate energy away from the surface),
it is clear that the temporal decay of both of these modes is due entirely to
mode conversion to the + mode. This damping mechanism is similar to Alfvén

-2

log [~wy/wg]

!
w

~6

log [—wj/wg]

0 02 04 06 08 1 0 02 04 06
[, [,
Fig. 3. Surface wave damping rate —w;/ws as a function of |r,| for Z; /N; =1 and various

values of o and Be. The solid curves are for the fast surface mode (ry > 0) and the broken
curves are for the ion—cyclotron surface mode (r, < 0).

08 1
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resonance absorption which occurs at smooth interfaces, except in this case the
interface is sharp and the mode conversion takes place upon the reflection and
transmission of the — and vacuum mode energy fluxes at the surface. This
conversion process may be interpreted as a scattering process in which the — and
vacuum modes are scattered into the + mode by the sudden density variation
which defines the plasma—vacuum interface.

Note that both the frequency shift and the growth rate vanish at the fast
surface wave cut-off where the fast surface wave merges with the bulk FMS
mode. This is consistent with the fact that the FMS bulk mode frequency
shift and damping rate (= —growth rate) are of second order [O(u)] rather than
first order [O(y/i)], and we need to include the next order in our expansions
of the previous section to obtain a nonzero result in that case. Also note that
neither the frequency shift nor the growth rate obtained above vanish at the
ion—cyclotron cut-off as we would also expect, but as stated in Section 3 the
theory breaks down close to this cut-off.

Plots of the damping rate (divided by the surface wave frequency) —w;/ws
are given in Fig. 3 for plasma temperatures corresponding to 8. =0-3, 1, 3, and
10. In obtaining these plots we have used (noting that the neutron mass ~ the
proton mass)

Mme Z;
~ DeZi 65
BN N, (65)

where Z; := ¢;/qe and N; are the ionisation and nucleon numbers of the ions
respectively, and m./mp, = 5-446 x 10~ is the ratio of the electron mass to proton
mass. We have also taken Z;/N; = 1 which corresponds to a fully ionised hydrogen
plasma. Given that Z;/N; <1 these plots effectively give the maximum possible
damping rates for these waves in an arbitrary electron—(single) ion plasma. Note
also that we are limited to temperatures corresponding to (. < O(10) by the
low parallel plasma beta assumption (36) used in the derivation of the dielectric
tensor. This is not a great limitation, however, with 3. = 10 being suitable even
for solar coronal conditions. The other relevant simplifying assumption used to
approximate the dielectric tensor is (30), which is easily satisfied for the range
of values of o and (. as given.

The plots for 8. = 0-3 and B. = 1 are representative of a warm plasma
[|2] ~ O(1)] for which, as already pointed out, Landau absorption by electrons
plays a crucial role. In this case the + mode [or surface electrostatic wave (SEW)]
is evanescent (Im 7, < 0) and can only be dissipated via Landau absorption, that
is, it cannot be radiated to £ = —oo as in the case of a leaky surface wave. In the
absence of Landau absorption [Im ¢(z) = 0] and thus of a dissipation mechanism
for the + mode, Re 7, ~ Re £ =0 [as Re ¢(z) > 1 for z ~ O(1)] and mode
conversion to the + mode is inhibited. There is then no surface wave damping as
in the fluid model used by Cramer and Donnelly (1992). The inclusion of Landau
absorption shows that it can be an effective dissipation mechanism for the surface
waves, as the B, = 1 curves illustrate, particularly for shorter wavelengths (larger
a). The absorption of the wave energy results in plasma electron heating within
the vicinity of the surface as determined by the penetration depth dgy = 1/|k|
(where k4; =Im ki) of the + mode into the plasma.
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The plots given for B, = 3 and in particular 8. = 10 are typical of a hot plasma
(Iz| < 1). In this case Landau absorption of the + mode [or the kinetic Alfvén
wave (KAW)] is not relevant to the calculation of the surface wave damping and
can be neglected in the first instance by putting Im ¢(z) = 0. Then Ty~ € is
negative real for w; <0, by virtue of the fact that |2| < 1 implies Re ¢(z) < 1,
and the + mode is not bound to the surface, that is, it is not evanescent but is
propagating. The + mode energy in this case is dissipated (removed from the
vicinity of the surface) via radiation to 2 = —oo and the surface wave is damped
due to mode conversion of the — and vacuum modes to this radiating mode.
This is an example of a leaky surface wave and is consistent with the result
obtained by Cramer and Donnelly (1992) using fluid theory. From the plots we
note that the wave damping can be large, and the weak damping assumption of
Section 2 is not strictly valid for a ~ O(10). In that case w;/w, ~ O(1) and the
surface modes (particularly the fast surface mode) are strongly damped, that is,
they damp out in about one wave period.

It is now instructive to consider the analytic results (64) in the cold and
hot plasma limits, and show how the results of Cramer and Donnelly (1992)
are retained explicitly. In the above discussion of the hot plasma case we have
also omitted a discussion of the possibility of Landau absorption of the radiating
KAW. In practice it is important to consider this as it is through absorption of
the KAW by the plasma particles that the plasma can be heated. This is also
considered in the remainder of this section.

(b) Cold Plasma Limit
In the cold plasma limit |z| > 1 the plasma dispersion function #(z) can be
approximated by
1

- 3 _a
o(z) =1+ 52 [1 + Py 2iy/7|z|3e ] . (66)

Then, upon approximating ¢ (taking Im & < 0 as before), the frequency shift of
(64) evaluates to

Aw__f

ws 72

f(1— 27'2) - rz
14 (f +ry)ry

(1 _ 3a%32r?
2f2

while the damping rate is exponentially small [w; ~ exp(—22)] and can be
neglected. Note that we have retained the first-order temperature correction to
the frequency shift.

In the ideal MHD limit (f < |ry|), corresponding to the approximate zeroth-order
frequency solution (25), the frequency shift reduces further to

Aw_ [ InP (1 362

we Il @)\ 2(1+12)

Ve (67)

)VE (68)
which, given |z| > 1, is valid for electron temperatures corresponding to

1472\3
ﬂe<<< 2”) <1. (69)
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Upon making the additional approximation |r,| — 0 (Jry| — 1) the frequency
shift given in (68) reproduces that of Cramer and Donnelly (1992) [equation
(51)] which we note is not valid for all values of k, but only for k, — 0,
due to their assumption on the low frequency dispersion relation, that is, they
assume f = v/2a|r,|. This result verifies the thermal correction of their work,
provided we reinterpret the quantity G. as 8./v/3, noting that their definition of
V. includes an additional factor of v/3. This may be seen by noting that in the
low temperature limit, K,, of Section 4 can be written in the form

2 4,2 2172 2
Kzz ~ _wpe (Li%l_) ~ __idﬂ;i_T (70)
w? w? (w® - 3KV

which can then be directly compared with equations (3) and (8) of their work.

(c) Hot Plasma Limit

In the hot plasma limit |2| < 1, the appropriate approximation for the plasma
dispersion function is

$(2) ~ —iv/lz], (71)

and evaluating £ (with Im £ < 0) gives
fa- 21‘3) - 'rf;

Aw _(z)é f
Ws B 8 |Tzl 1+(f+ry)ry

fa—2r2)—r3
1+ (f+ry)ry

Wi
— = _aﬁe

= (72)

As noted previously the surface wave damping in this case is independent of the
antihermitian part of the dielectric tensor, that is, w; is independent of Im gz-S(z)
The frequency shift is, however, proportional to Im ¢(z) and remains finite in
the limit |z2| — 0. Comparison of the frequency shift above with that of the cold
plasma limit indicates that the temperature dependence of the frequency shift is
weak.

In the ideal MHD limit the hot plasma results reduce to

Aw _ (g)% fnf (73)

wWs lrz] (14 rz)
Wi |7°y|3

_ = - R
s Py V¥

which, given |z| < 1, are valid for

1472\
ﬂe>>( 2*’) > (

1

)% . (74)

Nl
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The damping rate in (73) reproduces that of Cramer and Donnelly (1992), again
upon taking the limit |r,| — 0, except their result was too large by a factor of
V/3, taking into account their different definition of the electron velocity V, as
previously discussed. The frequency shift was not found by Cramer and Donnelly
as they used a fluid theory approach which does not include the antihermitian
part of the dielectric tensor as we have done here. We stress here that the
surface wave damping in the hot plasma case is independent of whether or not
the radiated KAW is Landau absorbed by the plasma electrons.

(d) Landau Absorption of the KAW

Landau absorption of the KAW in a hot plasma can be accounted for by
considering the KAW wavenumber 7 of (49), which we noted previously is valid
to O(,/i). Expanding the wavenumber to first order in small quantities we
obtain the zeroth-order real part

R 71 (75)
afe
which is equivalent to (63) with £ = —1 [¢(z) = 0], and the first-order (in small
corrections) imaginary part (assuming kg; = 0)

Fun 2]

where it is understood that f is as given by (22). The first term arises from
the @(z) correction to &, with ¢(z) given as in (71), while the second term arises
from the O(,/i) imaginary correction iw; to the surface wave frequency. In
general these two terms are of the same order of magnitude for 8, ~ O(10), and
of opposite sign, and the imaginary contribution 7,; to the wavenumber may be
either negative or positive.

The above result can be written in the alternative form

Fri =7 [ (76)

Vs (ks) = v+ (ks) — 2k+i(ks)vgw+ (ks), (77)
where we now write v, = —2w;, and where
T+ E% f (f+1y)° ]
- () ] )
and
Vgz+ _ f (f"'ry)2 ]
va  oFy [1 + (f +1y)? Vi (79)

We can identify v, as the bulk wave absorption coefficient for the KAW, that is,
7+ (ks) := 74 (k4 (ks), ks), where 74 (k) is given by the familiar result of Melrose
(1986) [equation (2-67)]. We can also identify vy,4 as the z-component of the
KAW group velocity, that is, vgz(ks) := vzt (ki (ks), ks), where

Owy (k)

Vget (k) 1= BTt (80)
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In making these identifications we note that the KAW frequency wy (k) as a
function of k is obtained by rewriting equation (49) for r3 as an equation for
w. Putting ¢(z) =0 we get the zeroth-order result (k; — k)
Qf + v?ki 3
wy (K) _uA|kz|<Q?+vikz) , (81)
and it is then easily shown that w, (ks) := wi (ki (ks), ks) = ws(ks), that is, the
KAW frequency evaluated at the KAW wavenumber k4 (ks) matches that of the
surface wave. This is a necessary condition for the surface wave to couple to the
KAW. Given these identifications, (77) is clearly a transfer equation for the KAW
which states that the rate at which the surface wave energy density decays due
to mode conversion to the KAW is equal to the rate at which the KAW energy
density decays (at any fixed point in the plasma) due to Landau absorption and
radiation into the plasma. Note that as vgy4 is of the same sign as 7y the KAW
is a forward propagating mode, and given that ¥, < 0, we also have vgy4 <0,
which corresponds to a flow of energy away from the surface and is consistent
with the damping of the surface wave due to mode coupling to the KAW.
It is instructive to note that in the ideal MHD limit, f < 1, the KAW
absorption coefficient can be written in the form

1

Y+ m™\*?
E = (§> a3ﬁe|7’z|7’iﬂ, (82)

which agrees with the result of Melrose (1986) [equation (10-81a)] for the absorption
coefficient of bulk Alfvén waves in an isotropic temperature plasma, provided we
take into account that there w =wvalk,| and tan? 8 ~ r3 /rZ ~ O(1,/m) > cot? 6.
This result is also consistent with the result for the damping rate of the KAW
given by De Assis and Tsui (1991), again noting that they have w = vg4lk,|.

Plots of 7v4/2ws as given by (78) are shown in Fig. 4 for 8, = 10. These
plots effectively represent the rate at which the KAW is Landau absorbed by
the plasma electrons. That the absorption coefficient v corresponds to Landau
absorption due to the acceleration of electrons via E, is clear, as v, vanishes
at the ion—cyclotron surface wave cut-off, for which E, =0 (Rowe 1992). The
plots indicate that Landau absorption via mode conversion to the KAW is more
efficient for fast surface waves than for ion—cyclotron surface waves, and also
that the former are strongly absorbed for @ 2 O(10). The magnitude of the
KAW group speed vy, normalised with the Alfvén speed is shown in Fig. 5 for
Z;i/N; =1, B, = 10 and two values of a. As indicated, the fast surface wave
propagates energy into the plasma via the KAW at a greater speed than does
the ion-cyclotron surface mode.

The imaginary part ry;/|r4+] of the KAW wavenumber is shown in Fig. 6
for Z;/N; =1, B. = 10 and two values of a. Note that the expansion used to
obtain r4; is only valid when ry;/|ry| < 1, and thus the approximation fails
near the ion—cyclotron surface mode cut-off. Also, the expansion is not valid for
a 2 0(10), given that the weak damping assumption w; < w;, is then violated
and the w; contribution to r4; is no longer small (first order). Thus, we have
presented plots only for a =0-1 and o = 1.
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Kinetic Alfvén wave absorption coefficient v /2ws as a function of |r,| for various

values of o and B = 10. The solid curves are for the fast surface mode (ry > 0) and the
broken curves are for the ion—cyclotron surface mode (ry < 0).
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Kinetic Alfvén wave group speed |vgz+/val as a function of |r;| for Z;/N; = 1,

Be = 10 and two values of . The solid curves are for the fast surface mode (ry > 0) and the
broken curves are for the ion-cyclotron surface mode (ry < 0).
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For a = 0-1, r4; < 0 (except near the ion—cyclotron surface wave cut-off), and
the plasma is opaque to the KAW. This corresponds to 7s < 74, which indicates
that the surface wave is absorbed into the bulk plasma via mode conversion to
the KAW at a slower rate than that at which the radiated KAW is Landau
absorbed by electrons. In this case all the surface wave energy is absorbed by
the plasma electrons within the penetration depth dsi = 1/|ky;| of the KAW,
and the KAW does not radiate to £ = —co. This is similar to the warm plasma
case except that in the present case the penetration depth of the 4+ mode is
greater and as a result more of the plasma is heated.
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Fig. 6. Imaginary part of the kinetic Alfvén wave wavenumber r4;/|r4|
as a function of |r;| for Z;/N; =1, Be = 10 and two values of a. The solid
curves are for the fast surface mode (ry > 0) and the broken curves are for
the ion—cyclotron surface mode (ry < 0).

For o =1, we have r; > 0 (except close to the fast surface wave cut-off), and
the KAW is no longer bound to the surface but grows in amplitude exponentially
from the bounding surface. In this case s > 74, which indicates that the surface
wave is absorbed into the bulk plasma via mode conversion to the KAW at
a greater rate than that at which the radiated KAW energy is dissipated by
Landau absorption, and the remaining energy is radiated deeper into the plasma.
In the idealised case of no Landau absorption (v; = 0), as in the fluid model of
Cramer and Donnelly (1992), all the surface wave energy is radiated away via
the KAW without being absorbed by the plasma particles.

That the radiated KAW grows exponentially in amplitude away from the
surface can be understood as follows. As the surface wave radiates, its energy
is depleted and all the wave fields (including those of the KAW) decrease in
amplitude at the surface in such a way that the boundary conditions remain
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satisfied. As the radiated KAW propagates through the plasma, however, its
energy density remains constant in the absence of absorption. Thus, the energy
density of the KAW is necessarily greater further away from the surface. When
absorption is included the KAW will still grow exponentially into the plasma
unless the rate of absorption exceeds the rate at which the KAW is radiated from
the surface, as was the case for o = 0-1. A similar description has been given by
Cally (1986) who considered the case of a cold plasma flux tube embedded in a
vacuum. In that case it was found that surface waves can leak into the vacuum
via mode conversion into a propagating vacuum wave which grows exponentially
in amplitude into the vacuum.

The above discussion indicates that there is a subtlety in the interpretation of
the contour involved in the determination of the plasma—vacuum response tensor.
In Section 2 it was stated that in general only poles with negative imaginary
parts contribute to the response of the plasma—vacuum system. However, in the
above we can clearly have a contribution from the + mode corresponding to a
pole r; = ry in the upper half of the complex r, plane, that is, Im r, > 0.
From the above we see that the pole is initially in the lower half of the complex
plane for small o, but crosses the real r, axis as o is increased. In order that
the pole does not cross the contour of integration it is thus implicit that we
deviate the contour so that it always remains above the pole in question. At the
same time the contour is deviated below the corresponding pole r, = —r, which
starts in the upper half of the complex plane and crosses into the lower half of
the plane as « is increased. This ensures that this pole never contributes to the
plasma-vacuum response. That neither pole crosses the contour of integration
ensures that the flow of energy associated with the KAW remains directed away
from the plasma-vacuum interface for all a. This prescription is not unlike the
Landau prescription for evaluating singular integrals relating to causal functions
(e.g. Melrose 1986).

7. Non-existence of the Ion—-Sound Surface Mode

It was noted in Section 1 that in addition to the fast and ion—cyclotron surface
modes a third surface wave mode, referred to as the ion-sound surface mode, has
been identified by Alexandrov et al. (1984). In that work it was found that ion—sound
surface waves are unstable, and this instability was attributed to the presence of
diamagnetic surface currents which arise as a result of the cyclotron motion of
electrons (for V.  # 0) within the plasma and the sharp inhomogeneity across the
plasma—vacuum interface. An immediate objection to this explanation is that the
authors assumed that both the ambient and first-order magnetic fields are continuous
across the interface, so that the diamagnetic surface currents are not taken into
account in their boundary conditions. We note that the ion—-sound surface mode
solution obtained by these authors is not found to be a solution of the dispersion
equation (57) presented herein. In the following we show that the ion-sound mode
is in fact unphysical and arises (incorrectly) due to the neglect of the gas pressure
in their first-order magnetic field boundary condition, that is, their assumption
that the wave magnetic fields are continuous across the interface is invalid.

Neglecting the gas pressure contribution to the kernel matrix (Appendix 1) one
can show that the following result for the O(,/) correction to the determinant
of the response arises:
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S — ’I’Lg )
AZy(w,ks) = 4Sn6(S(— n2r2;rzrj+ [{(S = Dn2ryr? + it H} A, -
-{s51- nﬁri) =g} Ay IV (83)

We immediately note that this result differs from the correct result of (59) only
in that it involves the function R through H. The ion-sound surface mode
of Alexandrov et al. (1984) satisfies the inequality f ~ O(\/f1) < alr,| < «,
corresponding to S < n2r? < n2, in which case the determinant of the response
tensor simplifies to [to O(1)]

STy +1iRr
Zs(w, k) = —+TSanf—\/ﬁ' (84)

We note specifically that this result is obtained from the zeroth- and first-order
contributions to Zs(w,k;) as given in (58) and (83) by neglecting displacement
current corrections, taking D =0 and r_ = —i, and retaining only terms which
are proportional to the function R in the first order contribution (83).

Neglecting dissipative effects [i.e. taking ¢(z) = 0], the dispersion equation
Zs(w,ks) =0 leads to

f=aBr’+ 1+ Ae)zri]%\/ﬁ. (85)

Including the dissipative effects through the retention of Im #(z) as given in
(71), we obtain the growth rate

wi _ (m\E = (14 A%
2= (§) e 0

Note that we have used the general form of the function F lequation (38)], given
that we have |z| ~ O(y/i). Upon making the assumptions A, = 0 and |r,| < |7y
these results simplify, and can be written in the form (ks ~ |ky)

m\% w?
ws = vgkyl, wi=| = , 87)
| yl (8> |kzIVeI| (

where vs := V,\/& is the ion-sound speed. These are precisely the dispersion
relation and growth rate obtained by Alexandrov et al. (1984). Note that here
the growth rate is positive (w; > 0) which indicates that the surface waves
grow. We stress here that the above results are unphysical in that they are
derived without the pressure balance correctly accounted for in the magnetic field
boundary condition.

It is instructive to consider the effect on the fast and ion—cyclotron surface
waves of neglecting the gas pressure in the first-order magnetic field boundary
condition. For these surface waves one then has

_ (S—nd)[SuZry2 = HIA,
45n8(S — n2r)rr_7, ’

AZ(ws(ks), ks) (88)
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in place of the correct result (62). This leads incorrectly to the following frequency
shift and growth rate contributions:

Aw-]— _ aﬂe f(]- - 27'2) - 7‘3 .
o = T Tr T e |G A ) &V,
wii __ aofe|f1- 2r2) — 13
ws  f T(f_fm_f (1+ Ae)(f +ry)Re &/, (89)

in addition to those of (64). The subscript L is used to indicate that
these contributions vanish when V., = 0, corresponding to zero gas pressure
perpendicular to the interface.

Given that Re £ < 0 and Im £ < 0 as before, the signs of these frequency
shift and growth rate contributions are determined by the sign of (f 4 r,). For
the fast surface mode (r, > 0) it is immediately obvious that (f + ry) > 0,
while for the ion—cyclotron surface mode (r, < 0) we find that (f+r,) <0,
noting that as discussed in Section 3 the ion—cyclotron surface mode is cut-off
for frequencies f > —r, = |ry|. Thus, for the fast surface mode, w;; > 0, while
for the ion-cyclotron waves, w;; < 0. For sufficiently low frequencies it follows
that the incorrect neglect of the gas pressure implies that the fast surface waves
are unstable in analogy with the unphysical ion—sound surface wave results.

8. Concluding Remarks

In this paper we have investigated the collisionless damping of fast and
ion—cyclotron surface waves propagating on a sharp, thermal magnetised plasma—
vacuum interface. The analysis has shown that (i) the dominant damping process
for these surface waves is mode conversion to a short-wavelength mode such as
the kinetic Alfvén mode; and (ii) the mode conversion requires the presence of a
dissipation mechanism for the short-wavelength mode, such as Landau damping
in a warm plasma or radiation in a hot plasma. These results differ from those
of Assis and Busnardo-Neto (1987) and De Assis and Tsui (1991) who did
not include the short-wavelength mode in their analysis. In particular we note
that they concluded that the surface waves are damped predominantly due to
transit-time magnetic damping. The results obtained in this paper are, however,
in agreement with those of Cramer and Donnelly (1992) in the relevant limits.
We have also shown that the ion-sound surface mode and instability identified
by Alexandrov et al. (1984) are unphysical and are the result of an unphysical
first-order pressure discontinuity across the interface.

The results obtained have application to the heating of the solar corona and
to the magnetosphere. We note that one limitation of the analysis presented
herein is the assumption of a low beta plasma, an assumption which is clearly
not always valid, particularly in the astrophysical context. Thus, an important
extension of the present work would be the inclusion of finite zeroth-order gas
pressure in the plasma and the associated ambient magnetic field discontinuity
across the interface.
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Appendix 1. Extension of the General Dispersion Relation

In the derivation of the general dispersion relation of Rowe (1991) it was
assumed that both the ambient (zeroth-order) and the wave (first-order) magnetic
fields are continuous across the plasma-vacuum interface. The assumption that
the ambient field is continuous may be readily justified when the plasma beta
is low (see Appendix 2) and is implicitly made in the following. The boundary
condition on the first order magnetic field is, however, more generally

Xn X AB(w, ky)
Ho ,
where AB(w, k;) := B(w,z =07,k,) ~B(w,z = 0%, k) denotes the discontinuity
in the magnetic field and J,(w,ks) is a surface current. In the absence of
extraneous surface currents (that is, in a medium of finite conductivity) one
identifies Js(w, ks) as the induced surface current which, in the case of a collisionless
magnetised plasma, is most generally derived by considering the boundary terms

which arise when the Vlasov equation is Fourier transformed according to the
rules of Rowe (1991). The result for a low beta plasma—-vacuum interface is

P(w, ks) . in = _Jsind(waks) x Bg ) (A2)
with P(w, k) := P(w,z = 07,k,) and where

Js(waks) = (Al)

P(w,k) := m/d3pvvf(p,w,k) (A3)
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is the first-order kinetic pressure tensor for a given species of particle with
f(p,w, k) the first-order perturbation to the distribution function of that species,
as determined by solving the linearised Vlasov equation. The boundary condition
above is consistent with the boundary condition of Stix (1962), and in physical
terms states that the kinetic pressure exerted perpendicular to the boundary by
a given species of particle is balanced by the pressure associated with the surface
current due to that species and the background magnetic field.

A general result for the pressure tensor has been derived by Rowe (unpublished
notes) and for the equilibrium particle distribution (27), using the simplifying
assumptions as used in the derivation of the dielectric tensor in Section 4, one
obtains the following result for arbitrary k,:

fR/n% 0 0
P(w,k) = ’2"‘3 E.wk) | o  fR/mY 0 . (A9
0 0 1+ f2F/n%

where the functions R and F are defined as in (32). We note that in the

cold plasma limit this reduces to P(w,k) = 0 as expected, whilst in the high

temperature limit of Section 6 one has, for an isotropic distribution (A, = 0),
P(w, k) = ";"e E,(w,k)8. (A5)

z

This is in fact the result obtained if one assumes an ideal gas law with isotropic
pressure and uses the simpler fluid theory approach. We note that for a plasma
with Vo) =0 (Ae = —1) only the zz element of the pressure tensor is nonzero,
in which case one is free to assume continuity of the first-order magnetic fields
as in the calculation of Cramer and Donnelly (1992). In general, however, one
must use the more general result (A 4), in which case the invalid assumption that
the wave magnetic fields are continuous would lead to unphysical instabilities as
discussed in Section 7.

Given the pressure tensor as above, one immediately finds that the induced
surface current implied by the boundary condition (A 2) is

’in()R

Jsind(w’ ks) = - Ez(w, ks)y’ (A6)

z

where E,(w,k;) := E,(w,z = 07,k;s) denotes the plasma field evaluated at the
boundary and ¥ is the unit vector in the positive y direction. Using the magnetic
field boundary condition (A1) it is then easy to show that the kernel matrix of
Rowe (1991) and Rowe (1992) is generalised in this particular case to

[%n - A(w,k)]s  r’R .
) yz,
Agz(w, k) nir,

As(w, k) =rsrs +r0(ry —15)6 —rirs

(A7)

where the only change is the addition of the final gas pressure contribution.
It is instructive to note that the induced surface current given above may be
regarded as being due to a magnetisation
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iw&‘oR

M(w, k) = — E,(w,k)z (A8)

z

directed along the ambient magnetic field Byz. Physically, this states that the
magnetic dipoles in the plasma are aligned along the background magnetic field.
In an unmagnetised plasma there is no such alignment and the net magnetisation
M(w, k) = 0 by assumption. In that case one thus generally assumes continuity of
the wave magnetic fields. The induced bulk current arising from this magnetisation
is

Jsind(w, k) =1k X M(w, k) = UJEQR

E.(w,k)k x 7, (A9)

z

from which it immediately follows that the K, and K, elements of the dielectric
tensor (41) correspond to this magnetisation, the remaining elements arising due
to polarisation effects.

Appendix 2. Validity of the General Dispersion Relation

In the derivation of the general dispersion relation (Rowe 1991) and the
extension of Appendix 1 two important assumptions were made which are not
valid in a thermal magnetised plasma in general. We now wish to consider under
what conditions these assumptions are valid, and in particular whether they are
valid for a plasma described by the dielectric tensor given in Section 4 of this
paper.

The first assumption is that the ambient magnetic field tangential to the
surface is continuous across the plasma—vacuum interface. Consider the equation
for pressure (gas and magnetic) balance across the equilibrium plasma-vacuum
interface:

2 2
P, + !ﬁ = B—02— ) (A10)
2u0  2po

where By and Byy are the magnitudes of the ambient magnetic fields in the
plasma and vacuum respectively. This equation must be satisfied in order for a
stable bounding surface to exist in the absence of wave perturbations. Assuming
that By ~ Bga & By, so that ABj := Boz — By < By, this can be written in
the form

p, — (Boz = Bon)(Boz + Boy) 2(&(%) ABy (A11)

N 210 210/ Bo

We then find that for pressure balance, the perpendicular plasma beta [as defined
in equation (37)] and the discontinuity in the ambient magnetic field are related
by

ABy

Bpr = 2(—30—) , (A12)
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provided they are both sufficiently small. Thus, we are justified in neglecting the
discontinuity in the ambient magnetic field only when the perpendicular plasma
beta is small, that is, 8,1 < 1. This is one of the conditions which the dielectric
tensor of this paper satisfies.

The second important assumption made in the derivation of the plasma-vacuum
response was that the surface layer could be treated as being arbitrarily sharp.
Specifically, it was assumed that the surface layer is thin compared with the
wavelength \; = 27/k; of the surface waves in the direction perpendicular to
the surface, that is,

k16, <1, (A13)

where k, is the wavenumber perpendicular to the surface and §; is the thickness
of the surface layer. In order to justify this assumption we need to identify the
surface thickness. This may be done by considering the following.

When V., is nonzero, zeroth-order bulk currents of magnitude

Jo = geneVer (A14)

flow throughout the plasma and in all directions. Within the plasma the bulk
currents flowing in opposite directions cancel so that the total zeroth-order bulk
current in the plasma is zero and the background magnetic field is homogeneous.
Within the surface layer, however, there are no such cancellations, and a
zeroth-order surface current

Jos = Jobs (A15)

flows throughout the surface layer in the negative ¥ direction, corresponding to
an apparent electron drift within the surface layer in the positive § direction.
The surface current is related to the discontinuity in the ambient magnetic field
of (A12) by the electromagnetic boundary condition

__ABy
Ho '

JOs (Alﬁ)

Then, using (A12) to relate the surface current to the perpendicular plasma beta,
we end up with the identification

5, =L =R,. (A17)

Hence the thickness of the surface layer is equal to the Larmor radius of the
electrons (assuming the ion temperature T; = 0). The assumed condition (A13)
then is clearly equivalent to the small gyroradius approximation which was used
in the approximation of the dielectric tensor. Thus we are justified in assuming
that the surface layer may be regarded as sharp for a plasma with the dielectric
tensor as given in Section 4.
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