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Abstract 

A covariant and gauge-invariant theory of the ponderomotive force is developed for both 
unmagnetised and magnetised collisionless plasmas. The full expression for the force density 
exerted on the particle background by the waves (or the ponderomotive force in the general 
sense) is derived for both the unmagnetised and the magnetised cases. In the magnetised case, 
the 4-dimensional metric is projected into 'parallel' and 'perpendicular' components. The 
force density on the particle background then has a similar form to that for the unmagnetised 
case. The usual ponderomotive force is identified in the same way as in the unmagnetised 
case and has an equivalent form to that in the unmagnetised case when written in terms of 
the linear response tensor. 

1. Introduction 

The ponderomotive force is the pressure-like force density imposed on the 
plasma by high frequency waves with non-uniform amplitudes (Landau and 
Lifshitz 1960, p. 64; Nicholson 1983, p. 31; Melrose 1986, p. 76). It is a central 
ingredient in the approach to strong turbulence based on the Zakharov equations 
(e.g. Zakharov 1972; Goldman 1984). Generalisations of the ponderomotive force 
involve the inclusion of the effect of an ambient magnetic field (finite Larmor radii) 
and the inclusion of relativistic effects. Manheimer (1985) derived a covariant 
expression for the ponderomotive force using the covariant equation of motion in 
the unmagnetised case. Achterberg (1986) derived the covariant ponderomotive 
Hamiltonian for a magnetised plasma using a Lie transformation, introduced in 
this context by Grebogi and Littlejohn (1984). In the covariant formalism the 
4-potential A(x) is used to describe the self-consistent electric and magnetic 
fields. The definition of the ponderomotive force depends on the way the system 
is separated into background and wave subsystems (Dewar 1977). The covariant 
ponderomotive force formalism should be gauge-invariant, and the requirement 
of gauge invariance restricts the choice of separation into subsystems. 

In this paper a covariant and gauge-independent theory of the ponderomotive 
force is presented. The formalism is based on a covariant distribution function 
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where pO is the time component of 4-momentum, H(pO) is the step function and 
f(p, x, t) is the conventional distribution function defined in the 6-dimensional 
x-p phase space. Natural units (the speed of light c = 1 and coMo = 1) are used 
throughout the following discussion. 

In Section 2, the covariant ponderomotive force for an unmagnetised plasma 
is presented in the oscillation centre formalism (Dewar 1977; Cary and Kaufman 
1981), based on the canonical separation (Dewar 1977). In Section 3, the 
full expression for the average 4-force density imposed on the particles by the 
waves, i.e. the ponderomotive force based on the physical separation discussed 
by Dewar (1977), is derived. The covariant guiding-centre theory is outlined 
in Section 4. The covariant and gauge-independent ponderomotive force for a 
uniformly magnetised plasma is derived in Section 5. A comparison with 3-tensor 
notation is given in Section 6. A summary and discussion is given in Section 7. 

2. Covariant Ponderomotive Force in an Unmagnetised Plasma 

In the oscillation centre (OC) formalism (Dewar 1977; Cary and Kaufman 
1981) the plasma system is separated into background and wave subsystems. 
In this section we specifically consider Dewar's (1977) canonical separation, in 
which the background subsystem consists of fictitious particles moving along the 
OC trajectory plus the slowly varying fields (Cary and Kaufman 1981), and the 
wave subsystem consists of the fast wave fields together with the fast motion of 
the particles of the plasma (Dewar 1977; Cary and Kaufman 1981). In this case 
the interaction force density between subsystems takes the simplest form that 
can be derived from the single-particle approach (by averaging the single-particle 
formula over the particle distribution function). 

Two time scales are introduced to distinguish the fast motion from the slow 
motion: the characteristic fast time scale is Tf ~ l/w, where w is the characteristic 
frequency of the high frequency waves, and the slow time scale is Ts » Tr. On 
the fast time scale a particle oscillates rapidly in response to the high frequency 
field, and on the slow time scale the motion of a particle is described in terms 
of the drift motion of its oscillation centre. The waves are described in terms of 
a modified plane wave of the form 

AIl(X) = AIl(X, k) exp[i8(x)] + c.c., (1) 

where All (x, k) is the amplitude, which varies only on the slow time scale, and 
where 8(x) is the wave eikonal and 'c.c.' denotes the complex conjugate. The 
wave 4-vector is kll = aIl8(x), where the notation all == a/axil is used. The 
Greek indices run over four components, and the metric tensor gllV is diagonal 
with components (1, -1, -1, -1). The Einstein summation convention is implied 
whenever the indices are repeated. Latin indices denote spatial components. 

The 4-momentum transfer between the background and wave subsystems is 
described by the covariant OC motion equation (Dewar 1977) 

(2) 
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The covariant canonical momentum pt is defined by 

(3) 

with R the Lagrangian for the OC orbit, and u" the 4-velocity of the OC. In 
equations (2) and (3) and throughout the discussion in the remaining part of this 
Section, all physical variables referred to are those averaged over the fast time 
scale, called OC variables. Then the covariant OC Lagrangian may be written 
(see Appendix) 

R RCO) + R(2) + ... , (4a) 

RCO) - m - qu" (A") , (4b) 

2 
R(2) ~aCt(3 A A* (4c) m Ct (3, 

where q and m are the charge and mass of the particles. The tensor a"v is 
defined by 

(5) 

with ku = k"u" and k 2 = k l" kw The following identity is implied by the equation 
of motion (2): 

(6) 

where p" = mu" is the 4-momentum and F(x,p) is the covariant OC distribution 
function, which is a generalisation of the covariant distribution to the OC 
coordinates (cf. the Appendix). Ignoring the surface terms in the p-integration 
and using the covariant form of the Vlasov equation (All), one obtains 

8" J dpF(x,p) ( Rg"V + u"p~) = J dpR81/ F(x,p). (7) 

Based on the canonical separation (Dewar 1977), the energy momentum tensor for 
the background subsystem (the particle motion with its fast oscillation removed 
plus slowly varying fields) is identified as 

(8) 

Using (8), equation (6) can be further cast into the form 

(9) 
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The right-hand side of equation (9) is denoted by 

fb(X) = - J dpFovR. (10) 

We assume that (A) is small in the sense that O((A)) rv O((0i-'jAj2)). Then, 
keeping terms up to first order in the spatial-time derivative, one has 

(11) 

Equation (11) is the covariant form of the ponderomotive force for an unmagnetised 
plasma (d. Manheimer 1985). Equation (11) is the usual ponderomotive force in 
the sense that, apart from the integration over the particle distribution, it can be 
derived from the usual single-particle approach (see e.g. Manheimer 1985). The 
formalism (11), or more specifically, the canonical separation of the background 
and wave subsystems, is covariant and gauge-independent. 

The generalisation of the treatment discussed in this Section to magnetised 
plasmas is obscured by the difficulty in deriving the magnetised counterpart of 
the OC Lagrangian (4a)-(4c). This is due to the fact that two fast time scales 
are involved: one is associated with gyration and the other with the waves. 
In the remaining sections, to derive the ponderomotive force for a magnetised 
plasma, we proceed in a different way by considering the average 4-momentum 
transfer between the particle background and wave subsystems under the physical 
separation (Dewar 1977). 

3. Average 4--Force in an Unmagnetised Plasma 

The average 4-force density on the background plasma is required for a 
description of the transfer of 4-momentum between the particle and wave 
subsystems. This 4-force density turns out not to be identical to the covariant 
ponderomotive force (11), and the relation between the two can be understood 
in terms of the different separation into background and wave subsystems. The 
average 4-force density imposed on the particles by the waves can be obtained 
from the exact equation of motion, which is the same as equation (2) except that 
R is the exact Lagrangian defined by (A4) in the Appendix, and the canonical 
4-momentum Pc corresponds to that derived from the Lagrangian (A4). By 
analogy with the discussion in the previous section, using equation (6) with R 
the exact Lagrangian, one has the identity 

\OV J dPF(P,x)mui-'Uv ) = (Fi-'V(x)Jv(x)) , (12) 

where the angle brackets represent the local average (Dewar 1977) and the 
Maxwell tensor Fi-'V is defined by 

(13) 

In equation (12), the expansion 

J = J(O) + J(l) + J(2) + ... (14) 
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is inserted, so that J(1)(x) is the induced current to first order in A(x). The 
4-velocity can be written as an average part uP plus the quiver velocity u~ 
(Bezzerides et al. 1977), i.e. 

uP +ul-' Q' (15) 

(16) 

where the remaining terms are of higher order than D(A), and ~ = d~/dT, with 
~ the displacement due to the fast oscillation and T the averaged proper time (cf. 
Appendix). Since the local averaging and differentiation commute asymptotically 
(Dewar 1977), the left-hand side of (12) implies 

01-' (1 dp F(p, x )mul-'uv) = 01-' 1 dji F(p, x)muP'iiV + 01-' (1 dji F(p, x)m{ ~I-' ~v 

+ uP~Vu~ + uV~l-'u~ - !ul-'UV [e - 3(u~)2] } ). (17) 

Denoting the first term by f[3 and using equations (12) and (17), one then has 

f[3 == 01-' J dji F(ji, x)mul-'UV = ol-'T~v + ff(x) , (18) 

with 

T~V = -(1 dPF(p,x)m[~I-'~v +ul-'~Vu~ 
+UV~I-'u~ - He - 3(U~)2)uI-'UV]), (19) 

ft(x) = (FI-'V J~l)) . (20) 

In (19) and (20), and in the following discussion, the bar on the variables x and 
u is omitted. The average stress tensor (19) is due to the particle quiver motion 
and ft is the average Lorentz force density. Equation (18) can be interpreted 
as the average force density exerted on the particles by the waves. By solving 
the covariant equation of motion for a particle in a perturbed field, one has 

with 

. q e = __ GI-'V Av(x, k) exp( -ikx) + c.c., 
m 

(21) 

(22) 

Equation (21) can also be derived by another method set out in the Appendix 
[see equation (A21)]. One can simplify (19) using the identity 
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Using equation (21) and taking the local average of (19), one finds 

(23) 

with 

In deriving equation (24), the zeroth-order distribution function is approximated 
by F(p). [We assume that the x-dependence of the zeroth-order distribution is 
due to the contribution of terms of second order in A(x, k).] In an unmagnetised 
plasma, the Fourier transform (over the fast time scale), J(1) (x, k), of the linear 
current is identified using the linearised covariant Vlasov equation: 

(25) 

00 [ . ] n [ . ] of F(l)(x,p, k) = ~ - k1u uo qGJ1V Av(x, k) - ~: FJ1V(x,k)uv opJ1. (26) 

The following condition needs to be satisfied (Cary and Kaufman 1981): 

luo<l>(x, k)1 « Iku<l>(x, k)l, (27) 

where <l>(x, k) represents either AJ1(x, k) or oJ1 AV(x, k). Substituting the linear 
response current (25) into (20) and using (1), one obtains the average Lorentz 
force density: 

Substituting (23) and (28) into (18), the resulting expression for the average 
force density exerted on the particles by the waves is 

f~(x) = oJ1(o/~f3 A~A(3) - OV (kJ1O;k
a
: A~A(3) 

- [Oa(aaf3 A*IL A(3) + Oa(aaf3 AJ1 A~) + ovavaJ1f3 A~Af3] , (29) 

where aaf3 is the linear response tensor, identified by writing (on neglecting 
x-derivative terms) 

(30) 

and given by 

aJ1V(k) = _~ dpF(p) gJ1V _ u U + k2~ . 2 J [ kJ1 v + kV J1 J1 V] 
m ku (kU)2 

(31) 
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In deriving equation (29), and throughout the following calculation, only terms 
up to O(A2) are kept. 

Note that because (20) represents the Lorentz force, equation (28) must be 
gauge-invariant. A gauge transformation is defined by 

AIL(X, k) ~ AJL(x, k) - ikJL'lj;(x, k) + 8IL 'lj;(X, k) , (32) 

where 'lj;(x, k) is any differentiable function of x. The gauge independence of the 
tensor T/l/ is guaranteed by the identity 

Therefore, the resulting expression (29) is explicitly gauge-independent. 
In comparison with the formalism derived in the previous section [ef. equation 

(11) of Section 2], the first term on the right-hand side of (29) is the usual covariant 
gauge-independent ponderomotive force (Manheimer 1985). The expression (29) 
can also be identified as the (generalised) ponderomotive force provided that the 
background subsystem is defined to consist of the average motion of the particles, 
and the remaining part of the system is regarded as the wave subsystem. Such a 
separation is the physical split-up (Dewar 1977), since the right-hand side of (29) 
can be rewritten as the 4-divergence of the stress tensor that reproduces equation 
(229) of Dewar (1977) in the Lorentz gauge. The terms involving the time­
derivative components in equation (29) represent time-dependent ponderomotive 
effects (Klima and Petrzilka 1978; Kentwell 1985). Other formalisms for the 
ponderomotive force in 3-tensor notation, such as those derived by Hora (1985), 
Barash and Karpman (1983) and Kentwell (1985), can be reproduced from 
equation (29). 

4. Covariant Guiding Centre Theory 

In order to derive the ponderomotive force for a magnetised plasma, a covariant 
guiding centre theory is presented here. The static magnetic field is defined in 
terms of the Lorentz invariant 

(33) 

This definition reproduces the static magnetic field Bo in any frame with electric 
field Eo = o. Let such a frame, with its z-axis along B o, be denoted by /Co. 

When the plasma is magnetised, particles drift as a result of the familiar drift 
motions of the centre of gyration, as well as through the effects of the waves. 
Thus covariant guiding centre theory is required to take into account both the 
effect of the waves and the effect of a finite Larmor radius. 

Let the particle orbits be described in terms of guiding-centre coordinates plus 
gyration components. Explicitly, a particle orbit is written as 
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where x~ and (/1 are the guiding-centre coordinates and gyration, respectively. 
The time scale of the gyration satisfies the condition Tg «Ts. Then A/1(x, k) 
and 8(x) in (1) can be expanded about the guiding centre coordinates Xg: 

A/1(Xg + (, k) = A(O)/1 + A(l)/1 + ... , 

8(xg + () = 8(0) + 8(1) + ... , 

(34a) 

(34b) 

with A(O)/1 = A/1(xg) and 8(0) = 8(xg); A(l)/1 and 8(1) are of first order in (. 
Since A(x, k) is a slowly varying function, it suffices to consider the leading term 
in the expansion (34a) and up to the first-order terms in expansion (34b). In 
our discussion we are concerned with the functionals which depend only on A(x) 
and its derivatives, as well as the 4-velocity. The gyro-average is usually done 
by putting all gyrophase dependence in the exponential and integrating over the 
gyrophase. Since the first-order term is retained only in the expansion of 8(x) 
in (, the gyrophase dependence of A(x) and its derivatives automatically appears 
in the exponential. The gyrophase dependence of the 4-velocity may be put into 
the exponential by writing it in terms of Bessel functions (cf. the discussion in 
the next section). For this purpose one first needs to separate the 4-velocity into 
'perpendicular' and 'parallel' parts, where the 'perpendicular' part is associated 
with gyration. More generally, the metric tensor is separated into 'perpendicular' 
and 'parallel' parts (Melrose 1982) 

g/1V _ g/1V + g/1V 
- .1. II' (35) 

with respect to the definition of the static magnetic field (33). The matrix 
':epresentation of g/1V in the frame 1(0 is 

G 
0 0 

D /1V -1 0 
gJ.. 0 -1 

0 0 

(36) 

(1 0 0 

~) /1V 0 0 0 
gil = ~ 0 0 

0 0 -1 

(37) 

Once defined in the frame 1(0, gft and g~t may be written down in any frame 
I( by making the appropriate Lorentz transformation. In any frame, one has 

{30" 0 glla{3 gJ.. = . 

Using (35)-(37) any 4-vector a/1 may be decomposed into a/1 = ali + ai, 
where the 4-vector ai is space-like. Writing ai = -ai aJ../1 = -giVa/1aV > 0, the 
invariant aJ.. > 0 may be used to rewrite the perpendicular components in the 
form 
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in lCo, where 'l/J is an appropriate angle. 
In summary, the average over the gyration may be performed as follows. First 

choose a particular frame, say lCo, in which the 4-velocity is 

In this case the angle 'l/J is the gyrophase angle: 'l/J = 'l/Jo + 'f}Qt, where 'f} = q/lql 
is the sign of the particle charge and the invariant Q = IqlB/m reduces to 
the nonrelativistic gyrofrequency in the frame lCo. If functions like uJ.L AV(x) or 
uJ.LaV AQ(x) are to be averaged, one first writes them in terms of Bessel functions 
to make all gyrophase angles appear only in the exponential. After averaging 
over the gyrophase angle 'l/J, the variables remaining in the theory are u II ' Ul.. 

and x~. 

5. Magnetised Plasma 

Using the covariant guiding centre theory developed in the previous section, 
one may generalise the unmagnetised formalism f~ to the magnetised case. The 
usual covariant gauge-independent ponderomotive force g may be identified in a 
similar way to the unmagnetised case. In the following discussion, it is assumed 
that the unperturbed distribution function is spatially homogeneous, and the 
plane-wave form (1) is assumed with 8(x) = kx. To obtain the average Lorentz 
force density, one considers the integral solution for the linearised covariant Vlasov 
equation for a magnetised plasma: 

F(l)(x,p)=- [700 dT' eXP(-ikX'){ikU'GJ.LV(k,U')AJ.L(X',k) 

+ qFJ.LV (x', k )uv' } a:p~) (38) 

The tensor GJ.LV(k, u) is defined by equation (22). The zeroth-order distribution 
function F(P) corresponds to the unperturbed distribution. The integration path 
is along an unperturbed orbit, which is chosen in such way that it passes through 
the point (x,p). Therefore the coordinates and velocity at any point on the 
unperturbed orbit can be obtained from a given point (x, u) by the following 
equation: 

(39) 

with x' = x'(X,p,T - T')17'=7 = x, u' = u'(X,p,T - T'}lr'=7 = u and iJ.LV(T) := 
dtJ.LV ( T ) / dT . The matrix representation of tJ.LV in lCo is 

(

O(T - T') 
1 0 tJ.LV(T - T') = -o 0 

o 

o o 
-sinO(T-T') -'f}COSO(T-T') 
'f}COSO(T-T') -SinO(T-T') 

o 0 
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It is convenient to define 

(41) 

with a = 7 - 7'. Then the average Lorentz force density can be written 

it =q2!dPF(P)(9IlOO/3 8/3 + Plloo~) [')Q da exp(-ikRu)uA*(x,k) 
8p P.l.. 8p.l.. 10 

x { (-ikll) [ikU'COOV(k, u')Av(x', k) + FOOV(x', k)u' v] 

·k 'COOV(k· ,)8Av(X',k)} +1 u ,u 8 . 
x ll 

(42) 

In equation (42), the assumed boundary conditions are F(PII,P.l..) -+ 0 for pfI-+ ±oo 
or P.l.. -+ +00. The local average is implied in (42). To simplify (42), we choose 
the particular frame Ko defined in Section 4, with the wavevector k in the xy 
plane. Using 

one has 

U,Il exp [ - ik.l..psin(rla + 1J'lj;)] = L: exp [ - il(rla + 1J'lj;)]uP(l, k), 
z 

where UP(l, k) in this special frame has the representation 

uP = [uo Jz, (lu.l../k.l..p)Jz, -i1Ju.l..J'z, uzJz]' P = U.l../rl, 

where Jz(k.l..p) is a Bessel function. The reality condition is 

u*OO( -l, -k) = uoo(l, k), 

where * denotes complex conjugation. Let <I> (x, k) represent either A(x, k) or 
81l AV(x, k). Then, by definition, <I>(x + Ru, k) is a slowly varying function of 
x + Ru, where u is the 4-velocity, k is the wave 4-vector associated with the 
high frequency waves, and Rllv = tIlV(O) - tIlV(a) is defined above. The function 
<I>(x + Ru, k) may be written as a slowly varying function of x by integrating 
over the a-variable in Ru. However, <I>(x + Ru, k) as a function of x + Ru is 
generally unknown. We proceed as follows: after repeated integration by parts, 
the leading-order approximation is 

(43) 

provided 
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In the right-hand side of equation (43), and in the conditions (44), the variable 
x is referred to as the guiding-centre coordinates, where the subscript g is now 
omitted. The conditions (44) were first proposed by Cary and Kaufman (1981) in 
deriving the ponderomotive Hamiltonian for a magnetised plasma. The physical 
interpretation of the conditions is that the amplitude of the wave must vary 
slowly along an unperturbed orbit in order for the description to be valid. The 
conditions (44) also imply that the time scale associated with gyration must be 
small compared with the slow time scale. 

By applying (43) to equation (42) it can be shown that terms like 
u'l.oA(x',k)/ox'l. correspond to next higher order of the expansion; such 
terms are neglected in the following calculations. The gyrophase angle appears 
only in the exponential and in the velocity u. Upon integration over the gyrophase, 
one finally arrives at an expression for it similar to equation (28), except that 
the second term is now replaced by 

and the response tensor corresponds to the gyro phase-averaged linear response 
tensor for the magnetised plasma: 

which, after carrying out the derivatives, becomes 

with 

0/11./3 = ~~ J dPIl P.Ldpl. F(PII'Pl.){ GV"(l, k, ulI' Ul.)tvp(l, k, ulI' Ul.) 

x G*p/3 (l, k, ulI' Ul.) } , 

GIW(l k ) IWJ ( ) kI-LuV(l, k) , ,UII,Ul. := 9 I kl.p - . 
kllull -tn 

In (45)-(47), one has 

(45) 

(46) 

(47) 
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in the !Co frame, and tlLV(l,k,UII,U.L) o=tf.LV(wz/n) is defined by (Melrose 1987) 

1 0 0 0 
w2 iT/Wln 

0 1 0 

tf.LV(Wl) = 
wf - 0,2 wf - 0,2 

iT/Win wf 
0 wf _0,2 wf _0,2 

0 
(48) 

0 0 0 -1 

with 

Wl = k11uII - m. (49) 

The absence of the perpendicular kf.L-derivative of the response tensor in the 
magnetised counterpart of the second term in it is due to the fact that only the 
leading-order terms are retained in the gyrophase expansion (34a). The condition 
for the validity of this approximation is that the gyro-radius be small compared 
with the slowly varying spatial scale. 

The average stress tensor T~v due to the particle quiver motion can be 
calculated in a similar manner to the unmagnetised case. From the perturbed 
equation of motion for a particle in a uniform magnetic field, one has (Melrose 
1987) 

(50) 

where 

Sf.L(T') = iq exp[-ikx'(T')]ku'(T') Gf.LV[k, U'(T')] Av(x, k) + c.c., (51) 
m 

with X'(T'), the unperturbed orbit, given by equations (39). In view of equations 
(40) and (48), the explicit evaluation of (50) gives 

Therefore one has [ef. equations (23) and (24)] 

af.Lav(3 = ~ ~ J dP11 P.Ldp.L F(PII'P.L){ t*ILA(WZ) G~a(l) tvcr(WI') G!(l') 

- ~ Lt*PA(WZ) tpcr(Wl') GA*O'.(l) Ccr(3(l') vP(s, k) u*V(s', k) +c.c.}, (52) 
s,s' 

with l' = l - s + s' and Ga(3(l) 0= ca(3(l, k, ulI' U.L) given by (47). It follows that, 
on neglecting the second-order current, the force density exerted by the waves 
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for a magnetised plasma has an equivalent form to (29), with all-v and all-o<v{3 

now replaced by (45) and (52) respectively. 
Similar to the unmagnetised case, as discussed in Section 3, the usual 

ponderomotive force for a magnetised plasma is identified as 

(53) 

with p, = mu'i/2B and where H(l, k) = u(l, k)A is a Lorentz invariant. In the 
frame /Co, one has 

(54) 

Equation (53) can be considered as the covariant version of the ponderomotive 
force derived by Grebogi and Littlejohn (1984) for a uniformly magnetised plasma. 

6. Ponderomotive Force in 3-Tensor Notation 

In order to compare the covariant formalism derived in the earlier sections 
with the results given by other authors, we reformulate the covariant formalism 
in terms of 3-tensor notation. In 4-tensor notation the spatial components of the 
linear response tensor are obtained from 

where Ji is a contravariant 3-vector, which is numerically equal to the ith 
component of the 3-vector J, and Aj is a covariant 3-vector, which is numerically 
equal to the jth component of the 3-vector -A, where i and j run over x, y, z. 
In the 3-tensor notation all indices are written as subscripts, so that the linear 
response tensor is identified by writing 

(55) 

We distinguish the 3-vector components from the contravariant 4-vector components 
by showing the variables k and w as explicit arguments in the 3-tensor form. 
Comparing the two notations we have the following translations: 

(56) 

(57) 

(58) 

In 3-tensor notation, the equivalent dielectric tensor is defined as 

(59) 
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As an example, for transverse waves in an isotropic plasma one has 

(60) 

where wp is the plasma frequency. In the nonrelativistic limit, using the equivalent 
dielectric tensor (60), the force density (29) for an unmagnetised plasma becomes 

(61) 

where 'V x = a/ax and the temporal gauge is chosen. Alternatively, equation 
(61) can be derived from a single-particle approach (Melrose 1986); it is just the 
3-vector component of the usual ponderomotive force defined by the contravariant 
4-vector ft. Note that in (61) the time-dependent ponderomotive terms are 
absent for transverse waves (Kentwell 1985). 

A second example is the case of longitudinal waves, with equivalent dielectric 
tensor then given by 

In the nonrelativistic limit l{L is given by 

l{L = 1 _ q2 JdP f(p) , 
m (w-k·v) 

which can be obtained from (31). Then the force density (29) gives 

in = cO(l{L - 1)'V xlEI2 + k o[co(~: - 1)] :t IEI2 

_ k O(col{L) . 'V IEI2 
ok x , 

(62) 

where we again choose the temporal gauge. The first term in (62) is the usual 
ponderomotive force, and the second term is the time-dependent ponderomotive 
effect (Barash and Karpman 1983; Klima and Petrzilka 1978; Akama and Nambu 
1981). The third term is the thermal correction (Barash and Karpman 1983; 
Kentwell 1985). 

For a uniformly magnetised plasma with high frequency electromagnetic waves 
travelling in it, the 3-vector component of the usual ponderomotive force part 
may be derived as follows. Choose the X-, y- and z-axes along kl..' b x kl.. and 
b = B/ B, respectively. In the temporal gauge, H(l, k) in equation (53) becomes 

(63) 
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The usual ponderomotive force for a magnetised plasma is then 

(64) 

with no = IqlBhm being the relativistic gyrofrequency. For w -7 00 the last 
term reduces to IUzAzl2 + ~u~JIAxI2 + IAyI2), which is consistent with Grebogi 
and Littlejohn's (1984) result. 

7. Conclusions 

In this paper we present a covariant, gauge independent ponderomotive force 
for both magnetised and unmagnetised Vlasov plasmas. In Section 2, the covariant 
ponderomotive force was derived in terms of the OC Lagrangian, based on the 
canonical separation with the stress tensor for the background subsystem defined 
by equation (8). The ponderomotive force derived under such a separation is 
consistent with the K-X theorem proposed by Cary and Kaufman (1977), i.e. the 
ponderomotive force is related to the linear response tensor. The ponderomotive 
force (11) can be obtained by integration of the single-particle formula (Manheimer 
1985) over the particle distribution. 

The force density is, equation (18), for both the unmagnetised and the magnetised 
cases can be regarded as the generalised ponderomotive force, provided that the 
system is separated in such a way that the background subsystem consists of the 
average motion of particles and the remaining part of the system is regarded as 
the wave subsystem, i.e. according to the physical separation of Dewar (1977). 
With such a separation of the system, the ponderomotive force defined by i~, 
in the unmagnetised case, can reproduce the extended ponderomotive force in 
3-tensor notation given by other authors (Klima and Petrzilka 1978; Barash and 
Karpman 1983; Hora 1985). 

In the derivation of the covariant ponderomotive force, the assumptions [ef. 
equations (27) and (44)] made are similar to those made by Cary and Kaufman 
(1981) in the Lie transformation formalism of the ponderomotive Hamiltonian. 
In the formalism developed here the finite Larmor radius effect is retained, and 
the theory is manifestly covariant and gauge-independent. 
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Appendix: Covariant Lagrangian for OC Orbits 

In the case of an unmagnetised plasma the total Lagrangian for the system is 

.c(x) = .cp(x) + .cem(x), (AI) 

where .cp (x) and.cem (x) are the Lagrangians for the particles and the electromagnetic 
fields, respectively. In the notation used here one has 

.cp(x) = J dpF[A(x),p]R[A(x),u], (A2) 

1 
.cem(x) = -- [aJL AV(x) - avAJL(x)] [&JLAv(x) - &vAJL(x)] , (A3) 

1-£0 

where R(A(x), u) is the covariant Lagrangian for a single particle. For an 
unmagnetised plasma one has 

R[A(x), u) = -m - quA(x), (A4) 

where A(x) is the 4--potential for the electromagnetic field in the waves. There 
is no explicit dependence on x in the Lagrangian, which is a functional of A, 
&A, and u. The action of the system is 

1= J dx.c(x). (A5) 

We introduce the oscillation centre coordinates (x,P) which are defined by x = x+~ 
with x = (x), where ( .. -) represents the average over the fast time scale. One 
may also define the proper time, f, on the 00 orbit by (Dewar 1977) 
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df = [1+2Ud~ + (d~) (d~)]-1/2 
dT df df df ' 

(A6) 

where 

_I-' dxl-' 
U = ----

df 
(A7) 

is the mean 4-velocity and 

ul-'=- ul-'+-df ( d~l-') 
dT df 

(AS) 

is the exact 4-velocity, with djdf defined by 

d 0 du 0 -=u-+---. 
df ox df oul-' 

(A9) 

The OC distribution function F(x,p) can be formally defined by (Dewar 1977) 

dT 
dxdpF(x,p) = dxdpF(x,p) df' 

and it satisfies the Vlasov equation 

a a [dU ] u-F(x p-) + - -F(x p-) = 0 ax ' au df' , 

where dul-' jdf = FI-'(x,p) is the 4-force that determines the OC orbits. 
The action (A5) in the OC coordinates may expanded about ~: 

I= jdXdPF(x,j5) [ -m:; -q(uQ+ ~;)AQ(X+~)] 

+ j dx [ - 4~o a[I-"AV](x + ~)a[J.L,AvJ(x + ~)] , 

(A10) 

(All) 

(A12) 

where the abbreviation a[I-"Av] := oAV(x)joxl-' -oAI-'(x)joxv is used. In equation 
(A12), the rapidly varying component of the exact distribution has been 
incorporated within the large square brackets and later its average is included 
in the averaged Lagrangian. From here on the bars on x, U, T are omitted. Up 
to the second order of A(x), the Lagrangian can be identified as 

.c x = dpF x,p -m-mu- -quA(x) - -m g -u u --() j ( ) [ d~ 1 (Q{3 Q (3) d~Q d~{3 
dT 2 dT dT 

-qdd~ A(X) - quQ~{30{3AQ(x)] - _1_0[1-', A"] (x) 0[1-' , Av](x). (A13) 
T 4~o 
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A Fourier transformation gives 

(A14) 

(A15) 

where e(k) and A(k) are slowly varying functions of x. Generally e depends on 
u as well as x. Since du/dT ex: 1 A 12, provided higher order terms are neglected, 
and e is of at least first order in A, we have de/dT ~ u8e/8x. Therefore we 
have the Fourier transform 

The average Lagrangian for the quasi-particles is denoted by 

(.cp(x)) = J dpF(x,p) R(x, u), (A18) 

with 

R = -m + J ~ { -1m (gO'.f3 - uO'.uf3) ( - ikue + de) (ikue* + de*) 
(271l 2 dT 0'. dT f3 

-~ [ - iqkf3uO'.e~AO'. + quO'.e~8f3 AO'. + c.c.] 

and with e determined by the Euler equation 

We have 

d (8R) 8R_ O 
dT 8~* - 8e - . 

(A19) 

(A20) 

de = -~GJl.au8A(1' (A2l) 
dT mku 
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where GIW is defined by equation (22). We use the ordering E rv djdT. To 0(1) 
we have 

(A23) 

Substituting (A23) into (A19), the Lagrangian for the OC orbit is identified as 
(4a)-(4c). 
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