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By C. CLARK COCKERHAMt and D. F. MATZINGERt 

[Manuscript received March 7, 1966] 

Summm'Y 

Considered was the best method of combining information on half-sib, 
full-sib, and self progenies and check entries in a blocked experiment for selecting 
among parents. An index or least squares weighting approach was utilized. Index 
solutions were found for two situations, one general with respect to the genetic 
and environmental model, and the other with simplifying assumptions about the 
model. In each situation a restricted index such that no block effects appear in 
any comparisons and an index based on comparisons of only genetic entries within 
blocks were found. Selection gains for these six indexes plus an additional ad hoc 
one were compared in a numerical example for two characteristics in tobacco, 
assuming the estimated variances for the two situations to be parametr.ic. 

I. INTRODUCTION 

A twofold purpose is accomplished if selection experiments are designed such 
that they are also amenable to the estimation of genetic and environmental 
parameters. Such a design was described previously (Matzinger and Cockerham 
1963) which involves half-sib. and full-sib progenies from biparental matings and 
also self progenies from the same parents. The previous paper was concerned with 
estimation procedures while the present one is concerned with selection procedures. 

The best parents, or remnant self seed from the best parents, are to be selected 
and recombined for the next generation. The problem arises as to how information 
on biparental and self progenies should be combined to accomplish this objective. 
The problem is further augmented by the fact that several groups of biparental 
and self progenies from independent sets of parents are grown in different experimental 
blocks and with all blocks having the same check entries. A unified approach to 
the problem is presented which is very similar in concept to that by Lush (1947) of 
weighting individual and family information and to that of the selection index 
approach as given by Henderson (1963). 

* Part II, Biometrics, 1966, in press. 
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II. DESCRIPTION OF EXPERIMENT 

While the design of the experiment has been described previously, it will be 
reviewed briefly to avoid cross-referencing. An experimental block of material 
consists of m 2 full-sib families, 2m self families, and c plots of different check materials, 
all replicated r times. The m2 full-sib families are from all possible matings of m 
parents used as males to another m parents used as females and the self families 
are from the same 2m parents. All together, d blocks of material are considered, 
each from entirely different sets of parents. The check entries, however, are the 
same in all blocks. In the experiment described previously, m was 4 and the 
number of checks was 4, consisting of two parents of an original cross and their 
F 1 and F 2 generation. The parents of the families were random members of the 
F 2 generation. 

III. PROCEDURE 

(a) General 

Let the true value of a parent of the families be designated as Giik . The ijk 
subscript notation uniquely designates a parent of the full-sib families in the kth 
block as the ith individual used as the jth sex. Various means of the experimental 
material with information about Giik and to be utilized in the selection procedure 
are set out below: 

Yijlc = the mean of the m full-sib families averaged over replications from 
the ij parent in the kth block. 

Xijli; = the mean of the single self progeny over replications from the ij parent 
in the kth block. 

Y.jli; = z:,YiJIi;/m = Y .. k = the mean of all biparental progenies in the kth block. 
i 

X. jk = z:,xiik/m = the mean of the self progenies from the m parents used as 
i 

the jth sex in the kth block. 

X .. k = 1(x.1k +x.2k) = the mean of all self progenies in the kth block. 

Z.k = the mean of all checks in the kth block. 

Y ... = the mean of all biparental progenies in the experiment. 

x = the mean of all self progenies in the experiment. 

Z = the mean of all checks in the experiment. 

The progeny means Yij/" x iik ' and X. ik provide information about their respective 
parents. The block means X .. k and Y .. /c are pertinent to the comparison of parents 
in different blocks. They contain genetic effects for parents in the blocks and also 
environmental effects peculiar to blocks which need to be assessed and discounted. 
This assessment of block environmental effects is the only function of Z./c' The 
overall means Y ... , x ... , and z .. are constants in the comparing or ranking of parents 
but are useful in simplifying the formulations and certain solutions. There are six 
not wholly dependent linear functions of these nine types of means. The set of 
six which appears to be least correlated is utilized in the following prediction equation 
of the parental true value: 
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Olik = Bl (Ylfl< -Y .. k) + B2(xjfk -X. fTc ) + B3( x .jTc -x .. k) 

+B4(y .. ,,-y .. .) +BS(X .. k-X .. .) +Ba(Z.k-Z . .), 

or in matrix notation 
g =Y'B, 

where 

Y1 Yijk-Y .. k 
Y2 xij"-x. j ,, 

g = Oijk, Y = I Y3 
x.j,,-x .. k B= Y4 Y .. ,,-Y ... 

Y5 x .. ,,-x ... 
Y6 z. ,,-z .. 

(1) 

Bl 
B2 
Ba 
B4 

(2) 

Bs 
Ba 

Required to find the set of B's which maximizes the correlation between the 
O's and G's, or discriminates among parents for maximum gain from selection, 
are the variance-covariance matrix of the Y's, 

V= E[YY'], 

and the covariances of G with the Y's, 

C = E[gY], 
where E denotes expectation. 

m-l m-l -(m-ll(2a~pl --N23 --N33 0 0 0 0 
m m m 

m-l m-l (m-I) 
--N33 --N13 0 0 0 0 ---(2asml 

m m m 

1 1 
0 0 -N'3 0 0 0 -(2asml 

2m 2m 

V=I c= I . (3) 
rZ-J rZ-J rZ-1 (rZ-ll 2 

0 0 0 --N21 -.-N3, --N6' --(2a2Pl 
rZ rZ rZ dm 

d-l d-l d-l (d-ll 
0 0 0 --N3' -.-Nn --N., rZ2m (2asml rl d d 

r/-l rZ-l d-I 
0 0 0 --No, --N., --N4' 0 

d d d 

The N's in the V matrix are summarized in Table 1 in the form of the expectations 
of variances and covariances of means corresponding to the mean squares and 
products in the analyses of variance of the experimental data. 

The true value, G, of the parent is defined as its breeding value (Falconer 1960) 
in biparental progenies, since the selected parents are to be intermated to produce 
the next generation. It is twice the effect of the parent in the biparental progenies 
which accounts for the factor of 2 in each of the components in the O's. 
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TABLE 1 
SUMMARY OF ANALYSES PERTINENT TO SELECTION OF PARENTS OR SELF PROGENIES 

Source 

Blocks 

Self/blocks 

Blocks 

Parents/blocks 

Blocks 

Parents/blocks 

Blocks 

Checks 

Blocks X checks 

Blocks 

Blocks 

Degrees of 
Freedom 

J<Jxpectations of Variance or Covariance 
of Means 

Self Progenies 

d-l 
M;t a¥e a¥s a¥r 2 
-- = NlI = -+-+-+"1d 
2rm 2rm 2m r 

d(2m-l) 
a¥e 2 

Mt3 N = -+"1' -- = 13 r 
r 

Biparental Progenie8 

MOl 
rl-1 -- = N21 

rm2 

a~e ~mf 2a~p a~r 2 
= -+-+-+-+"2d 

rm 2 'In2 rn r 

2d(m-l) 
M 23 a~e a~mf 2 
-- = N 23 = -+--+"2p 
rm rm m 

Self Progenies X Biparental Progenies 

d-l 

2d(m-l) 

d-l 

c-l 

(d-l)(c-1) 

~m ~. 
~t=-+-+~ . m r 

M33 = N33 a sm 
m 

Checks 

0'2 0'2 0'2 

N41 = ~+~+~+a~d 
rc c r 

0'2 0'2 

N •• = ~+~+a~c 
rd d 

ale 
N'3 = -+~cd 

r 

Checks X Self Progenies 

d-l 
Gur 

N6t = --;:-+a14d 

Checks X Biparental Progenies 

d-l 
G24r 

N6t = --+a.4. 
r 

* The M's are expectations of mean squares or mean products given in a previous 
publication (Matzinger and Cockerham 1963) for m = 4 and discussed there in 
more detail. 
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and 

The B's which maximize selection gain are solutions to the equations 

VB =C, 

B = V-lC. 

The gain from selection for an arbitrary set of B's and based on normal theory 
is expected to be 

L1 = kB'Cj(B'VB)t, (4) 

where k is the unit selection differential corresponding to a given intensity of 
selection. For the B's which maximize the gain the formulation simplifies to 

L1 = k(B'C)t. (5) 

It may be noted that V-I involves only the inverses of the 2 X 2, 1 xl, and 3 X 3 
matrices. 

Estimates of B's may be found by substituting estimates for the N's in V. 
From the work of Williams (1962) and Patel (1962) these may lead to poorer estimates 
than if some judgment is exercised and restrictions are placed on the solutions. 

(b) Simplification 

Several simplifications in the model are introduced if certain conditions can be 
met. The first of these to be considered is the interaction of genetic entries with 
blocks. The only direct information on this interaction in the experiment is from 
the check material in which a check by block interaction component of variance, 
aiCd' may be tested. If this is zero, and if genetic entries do not interact with 
environmental blocks in general, 

2 
a4cd = 0, 

air 2 _ a~r 2 _ 0'12r _ a~r 2 _ a14r _ a24r _ a; 2 
-+ald - -+a2d - -+al2d - -+a4d - -+a14d - -+a24d - -+ad· (6) r r r r r r r 

This would mean that the environmental portions of the error variances are the 
same also. While the genetic portions of the error variance will differ with the kind 
of genetic entries, they will be largely averaged out in the variance of plot means 
for plots of 10 plants or more. In such case, with small discrepancies, 

2 2 2 2 ale = a2e = a4e = ae· (7) 

Further simplifications depend upon the genetic situation. If gene effects 
are entirely additive, as is often indicated for normally self-fertilizing species, then 

ars = 2asm = 4a~p = a~, 
a§mt = 0. 

With these simplifying assumptions, only the relative values 
[(a;lr)+a~] are needed. Making use of the intra-block heritability, 

a~ 
h --. 2]' = [(a~fr)+aA 

and the ratio of intra- to inter-block environmental components, 

a~/r 
b = [(a;lr)+a~]' 

(8) 

of a~, a~, and 
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the relative weights are 

Bf 
B2 

BS= B3 
BS 

4 

B~ 
Bg 

2mh/(4+mh) 
2Bflm 
h 
mh/[2+mh+2m(m+2)(1-h)/(c+b)] 
2Bl/m 
-(Bl +B;)c/(c+b) 

(9) 

The effect of increasing the number, c, of checks is to increase B4 and B 5, 
although complicatedly, and to give a greater negative weight or correction to the 
check block means. 

(c) Inter-block Restriction 

Less information is available for the block component of variance than any 
of the others. Too, blocks are often set out to account for major soil differences 
and, as such, do not represent a sample of random effects with common variances. 
When blocks are considered fixed, or for other reasons it is thought best to remove 
block effects entirely from the comparisons, this is accomplished by setting 

Ba = -(B4+B5)' 

or of utilizing (Y4-Ya) and (Y5-Ya) for the inter-block comparisons. 

The solutions which maximize the gain for this restricted situation are 

B~ -(N21 -2Na1 +N41 ) -d-(N31 -N51-N a1 +N41 ) l ~ ~
d_I 

Eo ~ d; 1 (N" N" -N" +N,,) 

d-I ~_, 

d-I 
--(Nll -2N51 +N.,) 

d 

r (dd~I) (2U~P)~ 
, (10) 

(d-I) 
--(2usm ) 
d2m 

and 
B'6 = -(B4 +B;;). 

The intra-block weights, Bv B 2, and Ba, are not affected by inter-block restrictions. 

For the simplified model, i.e. when the conditions outlined in equations (6), 
(7), and (8) hold, explicit expressions for inter-block weights, restricted such that 
block effects are removed, are 

[
Bl"] [mh/[2+mh+2m(m+2)(1-h)/CJ] 
B;r = 2Bi'/m . 
B~r -(Bi' +B;r) 

(ll) 

Without check entries in the design, and to eliminate block effects, requires 
B4 = B5 = Ba = 0, and only intra-block deviations of the genetic entries are 
utilized for either the general or simplified model. 

(d) Selection 

Whatever weights are used, it is not necessary to perform all the computations 
indicated for the Gjjk'S in equation (l) in order to make the selections. By rearrange­
ment, 

Gljk = BIYjjk+B2Xjjk+(Ba-B2)x.jk 
+{(B4 -B1 )Yook+(B5 -Ba)X"k +BaZ'k} 
-[B4y ... +B5X", +Baz .. J. 

(12) 
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The term in the braces is constant for all members of a block and the term in the 
square brackets can be omitted since it is constant for the experiment. 

The actual selection differential, gs-g, which equals the mean of the G's 
of the selected group minus the mean of all the G's, is sometimes used in the prediction 
of gain from selection in the form 

~ = (gs-g)B'CjB'VB, (13) 
instead of equation (4). For the parametric V, C, B, the two forms give the same 
results on the average since 

E(gs-g) = k(B'VB)t. 

In practice, where estimates must be used for B and V, it has not been clarified 
which form is the most accurate. 

TABLE 2 
ESTIMATES OF COMPONENTS 0]' VARIANCE AND COVARIANCE FOR PERCENTAGE ALKALOID AND 

YIELD IN A POPULATION OF TOBACCO 

Alkaloid Yield Alkaloid Yield 

'2 ale 0·035001 18,371· 35 &¥r/2 +&¥d 0·063015 15,273·55 

~e 0·037216 13,628·04 &~r/2 +&~d 0·067605 5,827 ·08 

&1e 0·034313 9,896 ·36 &12r/2 +&12d 0·064535 10,256·10 

'2 als 0'028555 13,064' 35 &~r/2 +&~d 0·051654 15,178· 35 

2usm 0·025286 16,805·48 &14r/2 + &l4" 0·057560 16,764· 86 

4a~p 0·023438 24,905 ·17 &,.,/2 + &24d 0·060840 11,923·80 

'2 
U2mf 0·000323 158·98 '2 

U4cd ~0'001323 2,457 ·10 
--------------------------------------------------------
'2 ae 0·036248 14,547·82 &~/2+&~ 0·060868 12,537'29 

'2 aA 0·021487 28,124'92 b 0·297759 0·580182 

h 0·542450 0·794516 

IV . NUMERICAL EXAMPLE 

To be used for the purpose of illustration are the results of an experiment 
with Nicotiana tabacum for which m = 4, r = 2, c = 4, and d = 13 for percentage 
of total alkaloid, and d = 14 for yield of cured leaf. Estimates of all the components 
of variance and covariance appearing in Table 1 are given above the dashed line 
in Table 2. The~components!of variance below the dashed line are averages; The 
intra-block error variance, iT~, is a pooled average (by pooling sums of squares) of the 
three separate intra-block errors. The additive variance, iT~, is a least squares esti­
mate obtained as outlined in Matzinger and Cockerham (1963). The block environ­
mental variance, tiT;+iT~, is the arithmetic average of the six corresponding terms 
above the dashed line in Table 2. 
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For the general model the estimated variance-covariance matrix (p) and C 
are constructed by substituting the estimates of components of variance and 
covariance above the dashed line in Table 2. Ordinarily, the mean squares would 
be used directly to construct V, but these have not been given. For the simplified 
model the conditions of equations (6), (7), and (8) are imposed and ps ~nd CS are 
constructed by substituting the components of variance below the dashed line in 
Table 2. The index weights which maximize the expected gain for the general 
model and the simplified model are, respectively, 

B HT 

B, 0·670892 0·670892 
B. 0·364867 0·364867 
B. 0·549027 0·549027 
B. 0·478141 0·411619 
B5 0·098043 0·123080 
B. -0·624568 -0·534699 

Bl 1·273076 1·273076 
B. 0·274523 0·274523 
B. 0·755302 0·755302 
B. 2·914769 0·966668 
B. 0·192315 0·917274 
B. -2·230181 -1·883942 

B = v-Ie, 
BS = (VS)-ICS. 

TABLE 3 
INDEX WEIGHTS 

Hi B' 

Alkaloid 

0·670892 0·703362 
0·364867 0·351681 
0·549027 0·542450 
0 0·233815 
0 0·116908 
0 -0·326424 

Yield 

1·273076 0·885493 
0·274523 0·442746 
0·755302 0·794516 
0 0·433479 
0 0·216740 
0 -0·567854 

H- I B~ I B a 

----

0·703362 0·703362 2 .. 
0·351681 0·351681 t 
0·542450 0·542450 t 
0·224608 0 t 
0·112304 0 t 

-0·336912 0 -! 

0·885493 0·885493 2 .. 
0·442746 0·442746 t 
0·794516 0·794516 ! 
0·415766 0 t 
0·207883 0 1. 

6 

-0·623649 0 -t 

Alternatively, BS can be found by direct substitution in equation (9). The restricted 
sets of weights, BT and BST, for the general and simplified model, respectively, are 
found as outlined in equations (10) and (11). For further restriction to intra-block 
selection only, the weights Bi and BS! are given by setting the last three in Band 
BS, respectively, to zero. These six sets of weights are given in Table 3 along with 
a seventh ad hoc set, Ba, arrived at by reasoning as to the relative merits of averaging 
environmental effects for different sized progenies and of the various genetic 
relationships and such that block effects are eliminated among comparisons of entries 
In terms of m the ad hoc weights are 

Ba' = [2~m 2 
2+m 

2 
2+m 

m 
2(2+m) 

1 
(2+m) -iJ. 

The large number of digits given in Tables 2 and 3 is required for computational 
checking. 
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In Table 4 are the expected gains for each of these indexes assuming that j' 
is the true parametric variance-covariance matrix and alternatively assuming that 
VS is the true matrix. In computing the expected gains the assumed true matrix 
and corresponding C are always used in equation (4) which will reduce to the simpler 
form (5) when the index weights are the maximizing solution, i.e. 13 for V, C, and 
BS for Vs, cs, and the gains are a maximum in these two cases. The simpler form 
(5) will also work for the restricted solutions, Br and Bi for V, C, and Bsr and 13Si 
for VS, Cs. For all expected gains k is taken to be 1· 75, corresponding to an intensity 
of selection of 10%. 

TABLE 4 
EXPEC'l'ED GAINS FOR 1'HE INDEXES ASSUMING TWO TRUE PARAMETRIC V's, C's 

Index Weights 

. p"~"=et& . ., __ 8 _I_!'JBJ_~_I_ 13" ___ I ____ !~_I_~ 
Alkaloid (%) 

T V C Iv, C 0·222 0·222 0·211 

I 
0·220 

I 
0·220 0·211 0·220 

rue , l ~ ~ 0·199 0·202 0·198 0·204 0·204 0·198 0·201 17\ c s 

Yield (lb) 

T V C Iv, C 281 257 228 245 243 224 243 
rue , l~ ~ 204 241 254 269 268 256 265 V', C S 

V. DISCUSSION 

The optimal selection strategy depends on parametric variances and covariances. 
'1'he use of estimates of these parameters always leads to less than optimal gain 
from selection (Williams 1962), and a restricted solution to the weights may be closer 
to optimal on the average (Patel 1962). Unless the block component of variance 
is well estimated, and in particular if there are major environmental differences 
among blocks such that it is best to consider them to be fixed, then one of the 
restricted solutions, Br or Bsr if checks are included or 13i or 13si without checks, 
should be utilized. By comparing equations (9) and (11), as the plot component of 
variance becomes large or b small, it can be seen that BS approaches Bsr for the 
simplified model and Bsr is near optimal for the simplified situation even when the 
parametric variances are known. 

The type of model, general or simplified, that is appropriate will depend 
on the genetic material. For the restricted solution the main assumption in the 
simplified model is additive gene action [equation (8)]. The analysis of the material 
(Matzinger and Cockerham 1963) furnishes information on the tenability of this 
assumption. When appropriate, the procedures outlined for the simplified model 
should always be used because fewer estimates are required and they are estimated 
with less variance from all of the data. On the other hand, for genetic materials 
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which show considerable heterosis and non-additive gene action by analysis, the 
procedure for the general model, which is also general for the genetic model, may 
need to be followed. 

In the numerical example the data (Table 2) fit very closely the assumptions 
of the simplified model for percentage alkaloid, as they do for many characteristics 
in many populations of tobacco. The fit to the simplified model is much poorer 
for yield from the standpoint of both genetic and environmental assumptions. 
However, the example is not as extreme in the lack of fit as one might find in 
naturally cross-fertilizing species which exhibit a large amount of heterosis. 

There is no basis for comparing the expected gains for the two assumed true 
V's, C's, or between the two rows for each characteristic in Table 4. Rather, the 
comparisons of the gains of the procedures must be confined within rows bearing 
in mind that the maximum gain is from B for l', C, and from BS for l's, Cs. Needed 
for comparisons among the gains is V, C which is never known. 

The maximum differences among the gains within a row are of the ordcr of 
5% for alkaloids and 20% for yield. This difference for the two characteristics is 
primarily a reflection of how well the variance estimates fit the assumptions of 
the simplified model. For alkaloid they fit very well, thus the B's, l"s, and e's do 
not vary much and give much the same gains. For yield the variance estimates 
fit less well the assumptions ofthe simplified model leading to fairly large discrepancies 
among the expected gains. 

Based on the studies of Williams (1962) and Patel (1962) there is little question 
but that one of the simplified solutions would be superior on the average for 
percentage alkaloid. The answer is not so clear for yield. The dilemma arises from 
the fact [Williams (1962), translated in terms of the present experiment] that the 
situations for which the general index gives the greatest gain are the ones for which 
the estimates have the largest vfl,riances which reduces the advantage of the general 
index in practice. 

The ad hoc index (Ba, Table 3) was actually used before the results of this 
paper were developed, and it is included for comparative purposes. It is a restricted 
solution, based on the simplified model, and corresponds very closely to Bsr. It is 
near optimal when the simplified model holds, has the advantage of simple com­
putation, and does not suffer from errors of estimation. The loss in gain from using it 
instead of the true BS or Bsr is only slight, and in practice it is probably more often 
superior to BS and Bsr than not. While this cannot be said for the yield example 
with certainty, one can be fairly sure that it will not be much inferior. 

Intra-block selection, BI for true l', (5, and BSi for true l's, es, accounts for 
most of the total possible gain in Table 4. An indication of the effectiveness of 
utilizing information available on the check materials is given by comparing gains 
for Br with Bi and for Bsr with BSl. These results are in line with those of Schutz 
and Cockerham (1966). Intra-block selection is near optimal for appropriate sizes 
of blocks. If information is available on checks, it should be utilized and will increase 
slightly the selection gain. However, selection gains will generally be reduced 
slightly if checks are included at the expense of genetic entries. 
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