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Summary

Numerical values are given for the surface temperature of an infinite region
bounded internally by a circular cylinder of radius a, which is initially at constant
temperature and has heat transfer with constant coefficient H at its surface. The
surface temperature is tabulated for r = 0:01(0-01)0-1(0-1)1(1)10(10)100(100)
1000(1000)10 000 and B = 0-1(0-1)1(1)10(10)100, and at a few intermediate
values where r = at/a® and B = aHJk, with k, a, and ¢ being the thermal
conductivity, the diffusivity of the material, and the time respectively. The total
heat loss from the surface up to time ¢ is also tabulated. Approximations for the
functions tabulated are discussed, as well as the temperature at any point in the
region. A brief account of the history of the problem and its applications is given.

INTRODUCTION

"The problem of radial diffusion or flow of heat in an infinite region bounded
internally by a circular cylinder arises in many practical contexts, typical of which
are heat transfer from a buried pipe (Ingersoll e al. 1950), flow of water or petroleum
to a well (van Everdingen and Hurst 1949), and diffusion from a cylindrical structure
such as a capillary or a nerve fibre (Hill 1965). A most important practical appli-
cation is to the problem of extraction of heat from tunnels and drives in mines.

Unlike the corresponding problems in linear flow or radial flow from a sphere,
the results for the cylindrical case are expressed as rather sophisticated integrals
and the lack of tables of these has led to the use of simple approximations with little
prospect of checking their accuracy. In the thermal case, the three simplest linear
boundary conditions at the surface are: (1) prescribed temperature, (2) prescribed
flux of heat, and (3) forced convection or a thin boundary layer at the surface.
Of these, numerical information about (1) and (2) has been available for some time,
but often neither corresponds to the practical situation, which is much better
described by (3). In hydrology and petroleum technology, the simplest result for the
problem of flow to a well is the exponential integral solution for the continuous line
source (Carslaw and Jaeger 1959, Section 10.4 (5)), which has been used by many
authors from Theis (1935) onwards. When it is desired to generalize this to finite
radius for a well, van Everdingen and Hurst (1949) give extensive tables for the
boundary conditions (1) and (2) above, both of which represent limiting conditions
that may be far from the actual ones. Tn physiology, the importance of the boundary
layer has been recognized since Weber’s idealization of the kernleiter (see Weinberg
1941). The situation is perhaps most acute in the mining case, in which the boundary
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condition is definitely one of forced convection at the surface; for this reason,
the problem will be stated below in the form in which it occurs in mine ventilation.

For the boundary condition (1), the problem in which the initial temperature
of the solid is constant and the surface is subsequently maintained at a different
constant temperature was first solved by Nicholson (1921) (see Carslaw and Jaeger
1959). Numerical values of this solution are available: Jaeger and Clarke (1942)
tabulated the heat flux at the surface; Goch and Patterson (1940) and van Everdingen
and Hurst (1949) tabulated the heat flux and the total heat flow from the surface;
Jaeger (1956) tabulated the radial temperature distribution.

The problem of the region bounded internally by a circular cylinder with
forced convection at its surface and constant initial temperature was first solved
by Goldstein (1932); a few numerical values for the surface temperature were
given by Jaeger (1942). These values were reproduced by Carslaw and Jaeger (1959)
and were extended by Hitcheock and Jones (1958). Additional values were published
by Boldizsar (1960) and approximations to them were discussed by Jaeger and
le Marne (1963). In view of the importance and difficulty of the problem, Jones
(1961) went so far as to determine temperature by measurement under accurately
controlled conditions in a large concrete cylinder.

The object of the present paper is to tabulate values of the surface temperature
and heat flux and to discuss the validity of various approximations for them and for
the radial temperature distribution.

MATHEMATICAL SOLUTION

The problem is stated in the form in which it arises in mine ventilation and the
notation used is as follows.

6, temperature a, radius of cylindrical opening
6,, constant initial temperature of solid r, distance from axis of cylindrical
6,, temperature (constant) of material opening
into which forced convection a, thermal diffusivity of solid
takes place k, thermal conductivity of solid
65, surface temperature of cylindrical ¢, time during which convection has
opening occurred
fs» surface flux of heat H, surface heat transfer coefficient

Q,, total flow across unit area of the
surface up to time ¢

T = atfa?, (1)
R =rla, (2)
B =aHlk. (3)

The region » > a is supposed to be initially at constant temperature 6, and
for times ¢t > 0 there is supposed to be heat transfer by forced convection at the
surface to a medium at constant temperature 6;, so that the boundary condition
at r =a is

k08jor = H(0,—0,), (4)

where 6 is the surface temperature at time ¢, H is the heat transfer coefficient,
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and k is the thermal conductivity of the rock. H and k are assumed to be independent
of temperature. The equation of conduction of heat has to be solved with this
boundary condition and with 6 = 6, when ¢ = 0. The solution (Carslaw and Jaeger
1959, Section 13.5 (15)) is that the temperature 6 at distance » from the axis and

time ¢ is given by

0—0, :_Q_F Yo(uR)[(w/B)J1(w) +Jo(w)] — Jo(uR)[(u/B)¥,(u) + ¥o(u)]
bo—0: 7)o w{[(w/B) 1 (u) + Jo(u) P +[(u/B) Y1 (u) + ¥o(u)]%}

x exp(—ru?) du, (5)
where 7, R, and B are the dimensionless quantities defined in (1), (2), and (3).
It follows from (5) that the surface temperature 0 is given by
(0—06,)/(6,—0,) = $(B;7), (6)
where :
$(B:7) = J ’ exp(—7u?) du
T Bt S o w{[(w/B)1(w) + Jo(w)PH(w/B) Yy () + Yo(w)]?}

The heat flux f; from the solid at the surface is

fs = H(0;—0,) = {k(Bo—0:)/a}B $(B; 7). (8)
The total heat flow @ across unit area of the surface up to time ¢ is
Qo= [} fu dt = {Ja(6,—6,)/a}p [ $(8;7) dr. (9)

The function ¢(B;7) defined in (7) will be regarded as fundamental. It is
easy to tabulate since it lies between 0 and 1. However, since it appears multiplied
by B in (8) and (9), it has been tabulated to four significant figures to give four-place
accuracy for the larger values of 8.

To evaluate the integral in (7), it is first transformed by integration by parts
into the form

$(B;7) = iﬁ fo exp( _7“2){u2;/32 + (u? _il_lgz)z} $(w) u du, (10)

where

P(w) = pm+arg[{uHP(u) +BHG(w)}/A] (11)

and HP(u) and HY(u) are Hankel functions of the first kind. Since #(0) = 0 and
J(u) ~u as u — oo, the integral (10) is non-singular. It was evaluated on the
CSIRO C.D.C. 3600 computer. In all cases, six significant figures were used, being
rounded off to four in the final tabulation. Weddle’s rule for numerical integration
was used, an interval being chosen and halved until there was no change in the
sixth significant figure; if agreement was obtained at the first halving, the interval
was doubled. Integration at the upper limit was terminated when the value of the
integral over a unit range was << 1078,

Results are shown in Table 1, and four significant figures are given so that

these results may be used for subsequent numerical work; for example, Starfield
(1965) has made extensive use of tabulated functions in calculations of this sort.
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The integral required in (9) has been calculated from the values in Table 1 by using
Simpson’s rule for = > 0-01 and adding the value for = = 0-01 calculated from
equation (26) (Appendix). Some values of it are given in Table 2, in which the limiting
values for B = oo are taken from the tables of Goch and Patterson (1940) and
van Everdingen and Hurst (1949) for comparison.

APPROXIMATIONS
For large values of =, Jaeger (1942) has given the asymptotic expansion

v _ @) —y }
==L — el 12
$(B;7) ~ ,8 ¥y y? 3 (12)
where y = 0-5772 is Euler’s constant and
y = (2/8)—2y+Indr. (13)

For 7 > 100, values calculated from (12) disagree with those of Table 1 only
in the third significant figure at worst.

For small values of 7 the usual Laplace transformation procedure gives
(Jaeger 1942)
$(8:7) = 1—2prt 1B+ 1)r . .. . (14)

Unfortunately this series is only of use for small values of B. However, a
modification of the procedure gives the approximate formula

BB ) ~ gy + ey SXPUBHDPerfe((B+1)ri) (15)

which gives agreement with the values of Table 1 to the fourth significant figure
for 7 = 0-01 and is only a few percent in error when 7 = 1. This formula is derived
in the Appendix.

TEMPERATURES IN THE SOLID
Knowing the surface temperature as a function of time, the temperature at any
point and time may be written down by Duhamel’s theorem (Carslaw and Jaeger
1959, Section 1.14 (10)). If F(r,7) is the temperature at radius » and time a?r/a
in the region 7 > a with zero initial temperature and a unit change of surface
temperature (tabulated by Jaeger 1956), the temperature 6 at radius r at time
a?r/a in the present case, in which the surface temperature is given by (6), is

0,—0 g 2
000—01 _ fo{l —$(8; )\)}a—)‘F(r’,q-—-)\) da

— f 0 aﬂaﬁ;”p(r,T_A) dA. (16)

Some values calculated in this way for the case § = 1 are shown in Figure 1.

Apart from this accurate numerical calculation there are two simple approxi-
mations that are useful.

Firstly, there is an approximation for small =

6—0
.__00_011 =1 B% {erfc[% (R—1)7¥|—exp[B(R —1) 7B erfc[}(R—1)rt+B+]], (17
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where B = rja and B = 8-+$4-(1/8R). This result, which is derived in the Appendix,
reduces to (15) for R = 1. When B — oo it becomes
9=0 g erfo[}(R—1)r], (18)
0,—0,
which corresponds to the first term of the series (Carslaw and Jaeger 1959, Section
13.5 (7)) for the temperature in the case in which the surface temperature is
held constant. While this is only the first term of a series and should be expected
to be accurate only for small 7, it is in fact surprisingly accurate for moderate
values of 7, being less than 5%, low for r = 1 and less than 15%, low for r = 10.
Some workers, e.g. Saunders and Topping (1950), have used it for unrestricted .
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Fig. 1.—Temperature distribution for the region R = r/a > 1 for the
case f§ = aH[k = 1. Numbers on the curves are values of r = at/a.

Secondly, for large values of 7, the cylinder functions in (5) may be expanded
in an ascending series as in Jaeger (1956). This gives an expansion in powers of
In R for the temperature of which the first terms are

_09:_%':¢(B;T)+B¢(ﬁ;7)ln}ﬂ—[--... . (19)
0 1

As in the case of constant surface temperature, it appears from Figure 1 that
the plot of § against In R is nearly linear over a wide range. The slope of this line is

do/d(In B) = B(B;7) (20)
and its intercept at B =1 is 6.

It follows that, in principle, measurements of the slope and intercept of the line
give B and ¢(8; 7) and hence = from Table 1. In this way, by a series of measurements
in a drill hole, the value of the diffusivity a for rock in bulk may be determined.
It is this bulk diffusivity which controls the transfer of heat from the rock and it may
be very different from that from individual rock samples. The linearity of the
plot of 8 against In R is a valuable indication that heat conduction is proceeding
radially to the hole and is not disturbed by other circumstances, e.g. water flow
or the presence of other excavations. These questions are discussed fully by Jaeger
and le Marne (1963).
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APPENDIX

The results (15) and (17) may be readily obtained by the use of the Laplace
transformation. Using the notation of Carslaw and Jaeger (1959, Section 13.5 (13)),
the Laplace transform § of the temperature 6 at radius 7 is

g by (8o—6,)BK o(qr)

= " pBR ) tqaK,(qa)} 1)

The routine method (Carslaw and Jaeger 1959, Section 13.3; Goldstein 1932)
for finding expressions for the solutions useful for small values of the time is to
introduce the asymptotic expansions of the Bessel functions into (21). This gives

_ b a(0,—0,)B[1 —(1/8¢r) 4. . .]
p riplga+B+3—{(168+15)/128ga}+. . .]

exp[—q(r—a)]. (22)

The usual procedure is to expand the fraction in (22) in ascending powers of
1/g, and this leads to (14) for » = a. The present method uses the fact that the
inverse Laplace transforms of expressions of the form (22) with the infinite series
replaced by polynomials are known. Thus (22) may be written

b aly—b,
~ e 0 L~ )

where B = B+3+a/8r. (24)
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If the terms in ¢! are neglected this gives

0 = 00—( BR})B{erfeB R—1)r*]—exp[B(R—1)+B*lerfc[{(R—1)r "—l—Bﬂ]}, (25)

which is (17). If terms in (ag)~! are retained in the denominator of (23), a second
approximation is obtained. In the same way the first approximation for the surface
flow @ per unit area up to time ¢ is found to be

kap(8,—0,)[ = 2p ]
Q, = et a )[2ﬁ+1 “(Bﬁ%)3+ Bfl W%Jr(ﬁf g expir(f+i)%erfe(ri(B +%)}]'

(26)
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