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Summary

Starting from Boltzmann-like equations, moment equations for a general gas
mixture are developed. The equations are closed, and the collision integrals evaluated, -
by using Grad’s 13-moment approximations for the velocity distribution functions.
The collision integrals are determined for all possible types of binary encounters,
which include recombination and attachment, spontaneous fission and natural
decay, charge exchange and elastic collisions, and excitation and fission- and
fusion-like processes. The derivation of transport relationships is considered, while
the extension of the results to include such direct radiative phenomena as absorption,
photo-ionization, stimulated emission, and Compton scattering is also briefly
discussed.
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I. INTRODUCTION

In deriving equations for a partially ionized or nonuniform gas a multitude
of collision phenomena must be taken into account. Of these the most important
are elastic and inelastic collisions, including collisions of the second kind and fission-
and fusion-like processes, recombination and attachment, and charge exchange.
Furthermore, in any exact treatment .the natural decay and spontaneous fission of
excited states, the absorption of radiation, and a multitude of other radiative pheno-
mena must also be included. Add to this the nonequilibrium properties of such a
mixture and the interaction with electric and magnetic fields and the problem
becomes extremely complex.

Fortunately, in a relatively dilute mixture all collision phenomena are essentially
of a binary nature, so-called three-body processes being simply a single two-body
collision followed by another such collision in competition with a spontaneous fission.
Because of this all the processes mentioned in the first paragraph are mathematically
similar and may be dealt with in an identical manner. Furthermore, in developing
equations of change for the system each excited state of an atom, molecule, or ion
may be treated as a particular particle type, the equations for each particle type
being formally the same. Therefore, at least mathematically, the development of
equations for a relatively dilute gas is a well-defined and logical problem. Ignoring
the direct interaction of radiation with particles, the object of this paper is to develop
such equations. However, primarily due to notational complications and the multi-
tude of physical phenomena possible, the reduction of these equations to useful practi-
cal forms is extremely difficult. Nevertheless, conservation-type equations and
transport relationships may be formally obtained and these aspects are also discussed.

General equations for monatomic gas mixtures have been developed by various
authors (Kolodner 1950; Herdan and Liley 1960; Liley 1963). However, in such
treatments elastic collisions only were considered. On the other hand, certain authors
have studied the effects of inelastic processes on transport phenomena for a variety
of special cases. For instance, Engelhardt and Phelps (1963) have studied the effects
in a Townsend-type discharge, while Wang-Chang and Uhlenbeck (1951) have
investigated the effects in a polyatomic nonionized simple gas. However, in addition
to being more general, the approach in the present paper to inelastic collision pheno-
mena is entirely different to that of other authors. In essence the method is to extend
the analysis of Herdan and Liley (and Kolodner) for monatomic gas mixtures to the
case in which inelastic processes are of importance. In particular, equations of change
for various moments of the particle velocity distribution functions are generated.
In principle, the associated collision integrals are evaluated by expanding the dis-
tribution functions in terms of multidimensional Hermite polynomials, although
in practice only the first few terms of these integrals, corresponding to Grad’s (1949)
13-moment approximations are determined. These equations are then closed by
using Grad’s 13-moment approximation to express otherwise physically indeterminate
moments in terms of significant physical quantities. In carrying this analysis through,
the effects of electric and magnetic fields, spatial gradients, and differences in particle
temperatures are taken into account.

Since the general form of the equations is essentially identical with that
developed by Herdan and Liley for a simple monatomic mixture, as is the form of the
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elastic collision integrals, the prime object of this paper is to determine general
expressions for the inelastic integrals. Unfortunately, the derivation of these is
somewhat tedious and therefore only an outline of the method and the final results
are presented here, the details being given elsewhere (Bydder and Liley 1967). In
Section II the derivation of the relevant equations of change is briefly summarized
and the notation employed adequately defined. In Section III the collision integrals
are evaluated, while in Section IV special and limiting cases of these are derived.
Practical forms of the results, including conservation equations, transport relation-
ships, Ohm’s law, and equilibrium solutions are briefly discussed in Section V.

II. GENERAL EQUATIONS
(a) Basic Equations and Definitions
Each particle present in a general gas mixture is typed according to its mass,
charge, and internal energy (assumed quantized). For each such particle type j a

velocity distribution function fj(#, c,t), may be defined. Ignoring subscripts, these
distribution functions satisfy the “Maxwell-Boltzmann” equations

of of 6f_8_f
—é—t—+c.%—|—(a+c><b).%—— 507 (1)
where

a=({mE+g, b = (¢/m)B,

¢ is the velocity vector, & the position vector, ¢ the time, e the particle charge, m the
particle mass, g any non-electromagnetic body force, E the electric field vector,
B the magnetic induction vector, 5f/8 the “collision” term, 0/0z = e* 0[0z" the
gradient operator, and e an appropriate set of base vectors.

There is one such equation for each particle type present. In developing
equations of change it is convenient to define a “peculiar” velocity w; by the equation

Ww; = Cc—9¥j,

where v; is a function of # and ¢ but may be otherwise unspecified. In practice,
however, it is usual to take v; equal to vo, the mean mass velocity of the system as
a whole. Multiplying equation (1), applicable to particles type j, by any tensor
(absolute) function w;(w;) and integrating over velocity space, a general equation
of change is obtained. Ignoring subscripts, this equation may be written in the form
(cf. Chapman and Cowling 1952, Ch. 18 and p. 49)

o> 1 2 ncew —n<(f+w><b—w.§—;).% = Ity), (@)
where
nyd = f f(s,¢,1)w(w) de, 3)
. dv d 0 0
j=a+v><b—"at-, aEﬁ—l-v.-a—x',
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o _ a9 = |8

é‘x‘. =e 'ax/l’ I(\'I):f\'lgdc,
n is the particle number density, and 5% - the divergence operator.

The velocity space averaged functions n{y) are referred to as moments of I
Those moments of interest in the subsequent analysis are

p = nim) particle mass density;

U =& internal energy density, & being the internal energy
per particle;

u=<{w) “mean” particle velocity;

D = n{mww) “stress” tensor;

p = nmw?) “hydrostatic’ pressure;

{P} = n<m{ww}) “nonhydrostatic” component of the “stress” tensor;
q = nEmww?) “thermal energy” flux vector;
H = n{(mwww)  un-named;
h = n{(mw{ww}> un-named;
l = n{dmw2ww) un-named.

Inverted commas are used in naming these moments since they are defined with
respect to a frame moving with an arbitrary velocity v;, and do not, therefore,
necessarily correspond to the true physical quantities.

The bracket symbol { } used in the definition of the “nonhydrostatic” component
of the “stress” tensor is of general significance. If T is any second rank tensor then

(T} = H(T+T)—3I: T,

where I = e e, is a unit tensor (or idemfactor), e* and e, being an appropriate set
of reciprocal base vectors,

T =Te,e,, and T =Trre,e,.

In particular,
{ww} = ww—1lw?.

Other general definitions of interest are

vo=p " § p5<C;> mean mass velocity,
p= ? Py mass density,
r= q—~§pu heat flux vector.

We have also
p = nkT,



NONEQUILIBRIUM THEORY OF GASES 613

where k is Boltzmann’s constant and 7' is the kinetic “temperature” as defined by
this relationship, ‘

p ={p}+ol, and H = h+%ql.

Concerning other aspects of the tensor notation employed, the dot product
between two tensors A and T is

A.T = Ax--Br8TCpr.ce, ... e, (e;5.€r)e,...¢€

and the double dot product is
A:T = Aa--br3Ttovce, ... gle,.e))(e;s.eple, . . . €.
The cross product between a vector ¥ and a tensor T is determined as
VX T = Tebr-(VXey)eze, ...
# TXV="T-2r. . .e,e4se,xV).

It should also be noted that Greek suffixes are used to denote tensor components,
a double suffix summation convention applying. On the other hand, Roman suffixes
are used to denote particle type, any associated summation being explicity indicated.

(b) Fundamental Equations of Change

Taking y equal to m, mw, }mw?, and & respectively, equation (2) becomes
alternatively the continuity, momentum, translational thermal energy, and internal
heat energy equation. Ignoring subscripts, the equations are

%—’;Jr a%-(pt”rpv) = I(m), )

00t | O (pvurt-p) —pf —pu bt pu. 52 = Tomw), (5)
Ar 1 % @pvtg) —pfutpic - I(gmw’), - (6)
%+%.(Uu+Uv) — I(&). (7)

The derivation of these equations is straightforward and needs no comment. Again,
taking y equal to m{ww} and }mww?, equations for the “nonhydrostatic”’ component
of the “stress” tensor and the “thermal” energy flux vector may be obtained. These
are

UPY (2 (vip}+h) —2p{fu} —2{{p}><‘b}+2lp.§§} = Ionww)), )

oq 0 ov oy 2
% T 5y (VOHD —f.p—4pf —qxb+q. 5+ H:go = I(hmww). )

In terms of physically significant variables, equations (4)—~(9) are the basic equations
governing the behaviour of the gas mixture, there being an identical set for each
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particle type present. However, in certain instances various combinations of these
equations may be of more use. In particular, an equation for r, derived by subtracting
kT [m times equation (5) from equation (9), is of more direct value than (9) in the
derivation of transport relationships.

(c) Collision Integrals

For the equations of the preceding subsection to be of value the *“collision”
terms must be determined explicitly. As implied in the Introduction, and as dis-
cussed further in the next two sections, only binary collisions need be considered.
Consider a collision between two particles of types k and I such that

k41— k0.

Let the differential cross section for such a collision be do¥;”". Then the number of
such collisions per-unit volume per unit time involving those particles with velocities
in the ranges (cg, cx+dcg), (¢, ¢;4+dg) is

fr(cx) filer) gridoky” de de where gr = |cx—ail.

If A%V (y;) denotes the change in y; due to such a collision then the total rate of
change, per unit volume, of y; due to collisions between particles of types & and [ is

Tutw) = % I (wy), (10)

where
I (wy) = f fe fr @’ (wy) degde, (11)

with
o (yy) = f A5 () g dokr” (12)

The integrations are over all parameters of the differential cross section and over all
velocity space c, ¢;. The summation over (k'0') applies to all possible combinations
of k' and ', ensuring, however, that no such combination is counted twice.

Finally, the total rate change of y; due to collisions between all particle types is
Iyy) =% % Zl': Tir(wy) » (13)

where for symmetry the Iy; are summed over both % and I.

To evaluate the integrals (11), the distribution functions must be given explicitly
in terms of the ¢ or the wy, etc. If the latter are chosen, then to have uniformity
and consistency in presentation it is advisable to make all v; the same. In particular,
it is convenient to take v; equal to vy, where vy is the mean mass velocity as defined
in Section II(a). In general, to express f explicitly in terms of, say, w it is necessary
to expand f in terms of known functions of w. For a gas mixture in which the various
components may have different temperatures, the most suitable of all such possible
expansions is that originally proposed by Grad (1949), namely, an expansion in terms
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of multidimensional Hermite polynomials. However, in order to make the problem
tractable it is necessary to approximate to this expansion by a finite number of
terms. The resulting expression for f is known as Grad’s 13-moment approximation.
Ignoring subscripts, in terms of w (with v; = ;) this is

f=ra"+al.w+a%: ww+ad. w(ow?—5)], (14)
where
fO = n(a/m)32exp(—aw?).

Using this expression for f in the defining equation (3) to determine (1>, {(w,
Gmw?y, (m{ww}), and (mww?y, it is found that

al=1, al = 2qu,
o« = m|2kT,
a? = («/p){p}, a® = Ya/p)r.

Using the approximations (14) for the distribution functions in (11), knowing
the differential cross sections and the dynamics of a collision, the collision integrals
may be determined. These integrations are carried out in Section ITI and in the
associated references. It is, however, important to note at this stage that the product
fx fi contains both linear and quadratic terms in the a; and @;. In evaluating the
integrals the quadratic terms are ignored. It follows therefore, from considerations of
tensorial rank alone, that

Ijmyw) = % (7" ps tts - 15) (15)
Liimy{ww}) = X 7 {ps}, (16)
Ij(3my ww’) = 2 (i’ psths +efrs). 17

In principle, the object of the following Sections IIT and IV is to explicitly
determine the coefficients ¢ and corresponding scalar terms for the continuity and
energy equations.

(d) Closure of Equations of Change

Even with the collision integrals evaluated, equations (4)-(9) do not form a
closed set of equations. The moments h and I are still undetermined. In general
it is necessary to express these higher moments in terms of the lower moments before
a closed set is obtained. Since the collision integrals are to be evaluated subject to
(14), an obviously consistent method of closing these equations is to use the same
expression for f to determine h and I. Doing this, it is found (cf. Grad 1949; Liley
1963) that

1 = {(kT [m){p}+5(kT /m)pI

and, referred to a rectangular system of unit base vectors i,,

H = Y4385, 440 82, + 04 802)ia 101,



616 E. L. BYDDER AND B. 8. LILEY

where the &’s are the usual Kronecker delta functions. In particular, it follows from
this expression for H that

o , 4loq
= 5{5;}
ov 2 ov 0 ov
H.% = B(q.a—l—q%.v—l—%.q).
III. CorrisION INTEGRALS
(@) Collision Dynamics

Before the collision integrals can be evaluated the parameters of the differential
cross section must be specified and the A(y;)’s expressed in terms of the integration
variables. To do this the relevant parameters of a collision must be first determined.
As in Section II(c), consider a collision between two particles k& and ! such that

k41 —>FE+U.
With respect to the mean mass velocity vy, the centre of mass velocity is
G = Mywy+M;w, (18)
where wy anfl w; are the peculiar velocities prior to a collision and
My = mg/mo, My = myfmyg, mo = my—+my.

Again, define a relative velocity

g=gn=wr—wW; = —gik. (19)
Then it follows that
wy = G+ M, g, (20)
w=G—-M;g. (21)
Similarly, subsequent to the collision,
wy =G +Mp g, (22)
wy =G —My g, (23)

the primes, in general, denoting variables after a collision. However, from the con-
servation of mass and momentum

my = My, G =G, (24)
while from the conservation of energy
Img G2 +Imyry 9’2 = $mo Q% +imia g2 —ABw kv, (25)
where
myr = mymifmo, myry = My my[mo,
and

ABppr = Ep+Ep—Ex—E1+-8E k51 -

&%, €x, . . . are the internal energies and 8Ey; ;1 is the loss in kinetic energy due to
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immediate radiation or any other such cause.
Defining
Ny pr = (muafmpr)(1—24E 3 v /mi g?) (26)
it follows from (24) and (25) that

9 =2,
subscripts being ignored. Therefore, in particular,
g = Agcosy +Agsiny cos eiy +Agsin ysin iy, (27)

where i and i are two mutually orthogonal unit vectors both being perpendicular
to g, and y and e are the polar and azimuthal “scattering” angles. (It is important
to note that as defined y = yx1r # xorir = 7—xx1.)

It follows that the parameters of the collision are G, g, A, y, and ¢, or to be
more exact G, g, x, ¢, the particle types k, I, ¥’, I/, and the energy loss 8E. This
means that the differential cross section, referred to a centre of mass system, must
be expressed in the form

dok¥ = k¥ (g,x, ¢, SE)siny dy de d(SE), (28)

the dependence on particle type being implicit in the sub- and super-script notation.

The A(y;) must now be determined in terms of these same parameters. Obviously,
collisions between particles of types & and [ only contribute to particles of type j
if one or more of the k, I, k', I are of type j. That is, in particular, the 4(y;) are
given by

A%V (w5) = Wi Sk -y 81y — Wk Sy —wi 8y (29)

where the &’s are the usual Kronecker delta functions and the -, . . . are given in
terms of the G, g )y ande

For example, take y; = m; w;. Then from (20)

myg Wi 85 = my(G-+ M, 80k = m; 85 G +myr Sk g,
where
‘ mjr = my(mo—my)/mo,

with similar terms for mg wy 8gs, . . .. Using (28) and (29) it follows that
AR (my wy) = my(Sprs-+ 81— Sgy— 81) G-+-myp( 15— Sp75) g(1— A cos x)

. +myp(8gry— 8175)Ag sin x (cos ey +sin e iz)-|—m,,(8kr,— 81j— Sy +6y) g,
(30)

there being corresponding, but in general more complicated, expressions for other
values of y; (see, in particular, Bydder and Liley 1967).

(b) Transformations

Since the @’s of equations (11) and (12) are to be expressed in terms of G and
8, it is necessary to transform the integrals (11) from integrations over velocity space
Ck, € to integrations over velocity space G, g. Noting that wy = cx—vo, w; = ¢;— vy,
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with equations (20) and (21) giving wi and w; in terms of G and g, the Jacobian
of the transformation is unity and

I wy) = f fefi 0% (wy) dGdg. (31)

On expressing the fi f; in terms of G and g and noting that o is independent
of G, that is, G only occurs in simple algebraic sums in the @’s (i.e. in the A(y)’s),
integration over G should be immediately possible. Unfortunately, this is not the
case. Due primarily to the fact that the different particle types concerned may have
different kinetic temperatures, the exponential term in the product f f; inhibits
direct integration. Therefore, a further transformation is necessary. This involves
the definition of two dimensionless velocities:

x = B(G+Lg), (32)
y=v8, (33)
where
B? = apto, y? = apo/f?, (== (axMi—uMy)p?>=—li. (34)
In terms of these velocities, (20) and (21) become
wi = B~la+y Y (M- L)y, (35)
wy = pla—y { M+ 0)y. (36)

From (32) and (33) the Jacobian of the transformation from G, g to &, y is such
that
dGdg = (axx)~32dxdy,

and on using (35) and (36) in the expressions for the distribution functions the collision
integral (31) becomes

I (wy) = memym™® fd(x,y) exp(—a®—y°) D1’ (yy) dwdy . 37

d(%,y) has a leading term equal to unity and, besides being a function of &
and y, is also a function of terms that are both linear and quadratic in the moments
of fi and f;. The integral form (37) is of course generally true. Not only is it obtained
when the distribution functions are given by the approximations (14), but it is also
obtained when the complete expansions in terms of multidimensional Hermite
polynomials are used. (Using (14) and ignoring the quadratic terms, the exact
expression for d(x, y) in terms of the u, {p}, and r is given by Bydder and Liley (1967).)

(¢) Imtegration over the Azimuth

Using (32) and (33) to express the A(y)’s in terms of the # and y, and noting
that o is independent of #, integration over & is immediately possible. However, in
performing such integrations many terms containing the azimuthal angle ¢ are
involved. In most cases of practical interest o is independent of € and such terms
are superfluous. (Of course, in the case of various asymmetric molecules it is to be
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expected that for given orientations individual cross sections will be functions of e.
However, in the absence of an external polarizing agent it is also to be expected that
suitably averaged values over all possible orientations will be independent of e.)
Therefore, on the assumption that o is independent of e, it is logical to integrate over
this parameter first. In fact it is convenient to carry out such integrations at a level
characterized by equation (30), i.e. prior to the transformation from G, g to #,y.
The results are such that the @’s of equation (12) may be expressed in terms of a
general integral function ¢ defined by

¢t (p,v) = f(l—Af:z,w cos” x)gur okt siny dyd(3E), (38)

where the p and v are power indices. The integration limits are from 0 to = for y
and embrace all possible values of 8E. In order to maintain a uniform notation,
this equation is also used to define a function ¢(— o0, 0). The associated term involving
Aand y is A-® cos? y and this term is always taken to be zero no matter what the magni-
tude of A, that is, A=° = 0.

As an example, on inserting (30) in (12) and integrating over e from 0 to 2,
BE (my wy) = 2mmy (it 8s— Say— i) By’ (— 0,0) G
+2mmgn(8i1— Surg— Sry+ 8y) G (1, 1) &

— 2amye(8ky—81) ¢ (— 00, 0) &, (39)

there being corresponding expressions for other values of y; (Bydder and Liley
1967).

(d) Integration over & Velocity Space

Having determined the @’s in terms of the ¢’s, G, and g, these may be rewritten
in terms of the ¢’s, x, and y. The ¢’s become functions of the scalar y and not of
¥ or y. Limiting the subsequent integrations to the case for which d(«,y) is given
by only the linear terms in the product fx fi, the f’s being given by (14), integration
over & is therefore straightforward. However, the associated algebra is extremely
tedious and only the results are quoted, the details being contained in the previously
mentioned report by Bydder and Liley (1967). In carrying out these integrations
it is also possible to reduce the integrals over velocity space y to integrals over the
scalar y, the latter integrals being expressible in the common form

e o]
Aenr(r) == L exp(—yD) y* P bk () dy . (40)

The 2’s and ¢’s as used here are in fact generalizations of similar functions
defined by Chapman and Cowling (1952). They are, apart from a particle number
density factor, essentially collision frequencies.

In order to avoid subsequent confusion, certain definitions will be restated
before the final results are presented. The reduced mass m;y is defined by

myr = my(mo—my)[mo,
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where m; is the mass of particle type j. With respect to particle types % and I the
parameter « is given by
oap = mk/2]ch, oy = m;/2kT¢ .

k is Boltzmann’s constant and 7' the kinetic temperature. B, y, and { are as defined
by equation (34), it being important to remember that { is equivalent to {z; — — ik
p is the particle mass density and n, u, {p}, and r are as defined in Section II(a).

Since certain combinations of the § functions repeatedly occur it is notationally

convenient to replace these by single functions. In particular, it is convenient to
define

Sxi(1) = 8gr5+8uj— Sy — iy, 8x1(2) = 8xy— 85— Sy + 8y, } )
8xU(3) = Bxry— Oy, 8xi(4) = Sgy+8u5.

Again, for notational convenience, the subscripts kI, %I’ associated with the
Q’s will be ignored, as will the superscripts associated with the I’s and the subscripts
associated with the 8z;(1), 851(2), . . ..

(i) The Scalar Ikl(‘l’j)

The integrals associated with the mass continuity, internal energy, and
translational kinetic energy are all scalar functions and are given by

Ii(my) = ngmgmy 8(1) 82-2.9(0),
Iu(&)) = ngmi &3 8(1) 82-2:9(0),

2
Ti(3myw)) = 4’;’” " [mf 8(1) ([("") +¢ ] Q7%1)+ 2—;2 9‘°°’°<0))

2
— 82 2007 1) g 5(3) 200 0)— 504 021

(ii) The Momentum Integral
This integral may be written in the form
Tri(my wy) = ny, nl[c}f“ og) +c§¥(ox) ]uk—l—nk nl[c (o ) —cg (o) ]u,

i mal ¢} (k) 4§ (or) 7] pre 418 M 2T (0r) — 2 (o) |11/ i
where

o(«) = 8(c/B2)my 8(1) 2-:0(0),
o) = 13—“[—mf 8(1) 2201 )+myy 8(2) 2-0(1) —my, §(3) Q11(1)],
(o) = L(y20/B2)m; 8(1)(2-0(1) —32-=:9(0)),
) =% Z[m,:s ) §(2-2:0(1) —2Q-.0(2)) +my, §(2) (2Q-2:0(2) —Q-0:0(1))
+myr 8(3) (Q11(1) —3211(2))].

It is to be appreciated that the subscripts j and ki, k'’ should also be associated
with these coefficients; that is, for example

¢y (o

(@) = L ppv(a).
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(iii) The Stress Equation Integral
This integral is given by

Tia(my{w; w}) = ngnal cPP(ax) +c2P(cc) { Prc}/ o +nie ma €PP(or) —c&P (o) K D1} pi

where

f(a) = g—ﬁ[mf 31 )(3;4 27%0) + [z +('”f’) ]9“”"’(2))

—mgr 8(2)5L27%2) +myy 8(3) $L2V1(2)
2
+ 0 ) (1020 0% |
7)

c£”<a)=5[— my 8(1 )2;“ Q™ )+m178<2)ﬁ— Q1) —myy 5(3 )Z—;"Ql’l(l)].

(iv) The Thermal Energy Flux Integral
Like the momentum integral this integral may be presented in the form

Tia(3my ww?) = ngm ef*(eck) +c§%(oer) Jur—+ni ma cf%(or) —c§™(ou) Junz

+ngmcf (ox) 4§ (ax) |7x/ px +n i ¥ (o) —c§ (o) ]/ p1

where
(o) = my 8(1)[1;%“ 27°00) + 3;2"‘2(5 () 2o
3 225 07

+mjr 8(3) —— 40“£ Ql 1
3%’
) ) 20, ooy,

mj B

) = —my 8(1)[2ZC9‘°° W +25 (c +3(2) ) =0z
20 —cw,0 Mmjy 2 —00,0
gy 8(2 ’[33 Q™)+ (c+ ( ))9 ’(2)]
20 8 8 (my\®
—myr (3) [gﬁ—z Qv + 72-9“(2) + 55(’7’,%) 93’1<2)]

]

2
+ (myr) 5(4) [Sfé (92’0(2) +2.Q2,2(2))] ’

my



(
622 E. L. BYDDER AND B. 8. LILEY

e) = my (1) — o (- - T2) 0-0(0) + ;g“( - () ) 2=y

1760 (m;y —0,0 ]
() 4
e 82 )[SZ;‘ (=) - Zo=0p)]
—myr 8(3) [Sg“ (Q“ %91"(2))]

_mn sy [—4—0—“92’0 1)+ L6 (792 Q) +40*%2 )]
(4) Y 1+ 158° )+ 2)

mj

TN &C_ __l_l_g —00,0 16 Mmjr 2) —00,0,¢
c%(a)—mﬁ(l)c[?’ﬁz(f» 32)9 <1)+3(; Bz+3( ).o (2)

~Hle () o=

2 2
g 82)| — o 5— 1h%) 27 =1) 4 21 g2 () ) o0
3ﬁ B 3 ﬁ my

55+ (32 Joro]
+myr (3)[33( %‘)mm—g—ﬁ(gz —3:2)91’%2)
_5291,1(3) 136(’”141‘) o*2)— ?g(’mjr) o3l (3)]

— 51 20020 +20%%)) 22 1 023 203 |

mj

(€) The Coeffictents c;s

To obtain the I;(y;)’s the integrals of the preceding subsection must be summed
over all (k'l') and over all £ and I. For a real physical situation this is likely to be a
complex process. However, in the case of the momentum, the stress, and the thermal
flux equations formal simplifications are possible. On summing over (k'l'), and
ignoring superscripts, define

c1,g. k() = (E-;-I) ey kv (e) (42)

with a corresponding definition for cg 4 5. Furthermore, by identifying the order of
the subscripts k! with the argument of these coefficients, a further notational simpli-
fication is possible. In particular, define

¢, kilox) = c1,5,k1(ok) +C2,5,k1(k) » ¢j,xi(o) = c1,9,x1(os) —c2,5,k1(01) 5 (43)
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then it follows, as inspection of the results of the preceding subsection confirms,
that formally

< d]g A dz)
I(wy) = 2 mem| cf%u(on) =% +c%a(ar) =) 44
kl( f) % k l(cf,kl(ak) P cf,kl(o‘l)m ( )

where d represents any one of the moments pu, {p}, or r, and a = ny).

Since Iy; must equal Ij;, on interchanging & and ! in (44) and comparing the
coefficients of the d’s in these two different forms of the integral, it is immediately
apparent that

o, xi(ox) = ¢jup(a) ¢, x1(ea) = ¢5,1x() - (45)
(Noting that
Sri(1) = du(1), 8r1(2) = —8w(2),
Sx1(3) = —u(3), Sri1(4) = d1x(4),

inspection of the results of the preceding subsection confirms that

o = —lu,s

€1,7,kl = C1,4,ik > €2,4,k0 = —C2,4,lk -
Hence, on interchanging % and ! in (43), equation (45) immediately follows, thus
giving a direct confirmation of this result.)
On summing the Iy, as given by (44), over both % and I,

Ii(yy) = py [Z B (24 Ny Cf, lcl(dk)) d; E (Z N Cj’kl(otl)) dl] (46)
k 4Pk

However, the summations over k and ! are independent. Hence on changing sub-
scripts, in particular putting £ = s and | = k in the first summation and 7 = s in
the second,

Ii(yy) = f:: 58: C?sd ds,
where
1
Cjs = Z‘n—s % nlc(cj,sk(“s) +Cj,lcs(°‘s)) .
Or, on using (43) and (45),
1
Cjs = ﬁs % Ng Cj,ks(“s) ‘ 47)
with
¢,ks(s) = C1,7,ks(s) —C2,7,5s(ets) -

Therefore, on using the subscripts k¥ and s rather than k& and ! in the coefficients of
the preceding subsection and summing over all %, the ¢;5’s of equations (15), (16), and
(17) are explicitly determined.

IV. SpeciAL CAsEs

To complete the integrals the £’s must be determined. In general this is not
a simple task. An explicit knowledge of the differential cross sections is required,
while each particular process, such as elastic, fission, recombination, etc., must be
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considered separately. Numerous calculations have been carried out, for different
laws of interaction, for the elementary case of elastic collisions (e.g. Chapman and
Cowling 1952; Hirschfelder, Curtiss, and Bird 1954). On the other hand, since the
generalized £2’s as defined in Section ITI(d) are peculiar to this paper (and the associated
references) few calculations have been performed for the general inelastic case.
Bydder has considered those cases of importance involved in the formation of a
hydrogenic-like plasma. However, the practical usefulness of his results is question-
able since in order to obtain analytically tractable expressions certain approximations
were made, the nature of which are only truly applicable to a very high temperature
gas. Nevertheless, the results are extremely interesting in that they show (and
generally imply) that, for a specific process, only one or two of the total number of
s (20 for the general case) have to be determined explicitly, the others being
related to these in a relatively simple manner. Bydder’s (1967a) results have been
published elsewhere and will not be reproduced here. Instead, various cases of
more general interest will be discussed. The 2’s are not determined, but in certain
instances the results of Section III are considerably simplified. This is possible since
much of the physics of a particular process is already explicitly contained within the
8’s.

In the following subsections the more important of the possible physical processes
are briefly considered. These were mentioned in the Introduction, being natural decay
and spontaneous fission, recombination and attachment, elastic collisions and charge
exchange processes, and the general inelastic collision, including excitation and fission-
and fusion-like processes. As already implied, the integrals of Section IIT have been
evaluated for the most general case possible, namely, the complete destruction of
particles £ and ! and the creation of two entirely new particles ' and I'. Clearly,
there are many possible combinations of k, I, k¥, and I’, as well as various interpre-
tations of AE (or to be more exact SE) that can lead to marked simplifications.
Again, there are certain approximations and even certain limiting cases that also
reduce the general results to simpler forms. For instance, if Ty ~7T; then { ~0
and many terms may be ignored, while if my <€ m; or my << my other approxima-
tions are possible. It is, however, beyond the scope of this paper to consider such
cases in detail and only general aspects of those physical processes already mentioned
will be discussed.

Before considering these various cases explicitly several points of a general
nature should be noted. The collision integrals involve both ‘“loss” (84, 8;;) and
“gain” (8gj, 617;) terms. The loss terms are only associated with the §(1) and §(2)
terms and as such only involve the £2-%.0(r). Defining a ‘“partial” cross section

Q5 (g) = f oV siny dy d(SE)de,
it follows from the definition (38) that
5 (—00,0) = g Qf (9)/27, (48)

or, on summing over all (k'l’), the loss terms only involve total cross sections.
Furthermore, if for any particular process A = 0 then by definition

$(u,v) = $(—0,0), (49)
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and again only the 2-%.9(r) are involved. However, in this latter case summation
over (k') will not necessarily lead to explicit expressions in terms of a tota,l cross
section.

(@) Natural Decay and Spontaneous Fission

In spontaneous fission a particle type & changes into particle types &’ and 7',
! being a hypothetical particle of mass zero. Such a process only occurs if % is in an
excited state, the excitation energy appearing as kinetic energy. In the limit
my — 0 it follows from (26) and (33) that

A2 = —24F 'yz/’mk'z' yz )
AE being a negative (i.e. a gain) term.
Assuming that the hypothetical particles of type ! have a Maxwellian dis-
tribution, ' :
w={p}=n=0;
while, since { ~ mg;, 2 ~ my, on taking the limit as m; — 0 the integrals of Section
ITT reduce to basically trivial forms. The loss terms are

Igi(mg) = —npmg/r, Ii(6x) = —ng Exf7,
Ia(3mpwl) = —3nxkTy/r, Ta(me wi) = —ngmp ug/7,
Ig(mp{wr wi}) = —{pr}/7, Tu(3mi wiwd) = —qu7,

where 7 is the decay time, being given by

[oo]
=0 8Q7°%0) = 8n;1r*f exp(—y°)y® dri(—0,0) dy, (60)
0

with
$(—00,0) = g Qri(g)/2m, (61)

the summation over (%'l’) having been implicitly carried out. Subject to this approach,
however, 71 must also equal n; g@x; since the lifetime of an excited state is independent
of particle speed. On substituting (51) in (50) and integrating, such an identity is
obtained, thus confirming the adequacy of the limiting process adopted.

Similarly, on letting m; — 0 the gain terms are
Tyy(my) = ngmy; 8(4)/7, I(6g) = nk &5 6(4)/7,
Ia(3my w?) = (3(my/mr)ng kT x— (mgr|ms)nz AE)S(4)/7,
Tia(my wy) = ngmyug 8@4)[r,  I(mg{w; ws}) = (my/me)}{pr}d(4)/7,
Tgy(3m; wy wj = ((mg/mz)qr—3(myr/ms)nz ug AE)8(4)/7,

where subscripts associated with 4E have been ignored, while in this case = is an
abbreviation for 7,z/;/, the summation over (k'l') being necessarily explicit.

As a limiting case of these results let m; —0; then m; — my and my — 0.
To within the approximation of ignoring the momentum associated with photons,
the results are those appropriate to natural decay.
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(b) Recombination and Attachment

In this case two particles k& and ! combine to form a single particle j. This
process may or may not be accompanied by the emission of radiation, while the
particle j will usually be left in an excited state. The surplus energy will be either
radiated, converted into kinetic energy in a subsequent collision (a collision of the
second kind), or the excited particle will subsequently undergo a spontaneous fission
or natural decay.

The correct physical approach to this problem is to put ¢’, and hence A, equal
to zero, summing together the separate gain integrals for %' and I’ to obtain the
integrals for j. The loss terms may be obtained directly from the results of the
preceding section, involving only the §(1) and §(2) terms and the Q-%.0(r). There
is no real simplification. In the case of the gain terms, since A = 0, only the
Q-*,0(r) are again involved but all the 8 terms must be considered. In particular,
forj=Fk,

8(1)= 8(@2)= &3)=25¢4)=1,
while, for j =0, :
8(1) = —8(2) = —8(3) = 8(4) =

Using these relationships and the fact that
My +my = mj = mg~+my,
on adding the separate integrals for k' and I', the gain integrals are

Tyi(my) = ngngm; 82-°:90), Iri(85) = ngpng &38R2-°:90),

4 —® 3 —o0,
Tia(my ) = ”"f’(wﬁa 51 + 2197 g0 >),
4 26°
with

M) = Z—z- my @7%0) ,

Ao = — Fm L0,

_329%
~3g

&) = 332ym do %) 4 =),

0'1"(05) Y *m [Q—co ,0 39-00 0 0)]

APa) = Smf% Q7%0 >+~m £e™%2),

B
_ 16m;2 -
Bl =~ e,
10« 20a

—m; $™1),
'V
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%ﬂ_é ga —®:0(2)
3 32 ’

A x) = — —2:0(1) + ij

2
(@) = —20m; Z‘F(l — ;—;;) Q27°%0)

40mj o —,0 l76mj Dtg Q0
. B(B ) a0y 4 1Toms e,
11e) 0,0 16( 2 ‘)'2) —0,0 32 9, —x,0 ]
Co (oc)—-m;{l: B (5 /32)9 (1)+§({-—E§ Q 2)— 15§Q (3) .

In these expressions,
0
Qi) = b f exp(—y?) "2 9@2;@(9) dy,
0 17
with
Qhilg) = f ol sinydy ded(SE).

For A = 0, my g2 = AE and this means, in particular, that g (or y) and (3E) are
not, for given k, I, and j, independent variables. However, this fact is implicit within
the o and need not be considered further.

Although the coefficients are still somewhat complex it is immediately obvious
that they simplify markedly for { = 0.

An alternative approach to the one just adopted is to take m; — 0. This
leads to A being an infinite quantity but automatically ensures that all terms involving
myr are zero. The fact that this approach leads to exactly the same results as those
just obtained is of prime importance. Since in the first approach many terms in
myr (that is, mgr and myr) have to be considered, the fact that such terms cancel
gives an extremely precise confirmation of the algebraic accuracy of the general
results.

(¢) Charge Exchange and Elastic Collisions

In an elastic collision the identities of the particles are unchanged. Here
AE = 0, hence A = 1, while §(1) = §(2) = 0. The relevant integrals may be obtained
quite simply by inspection of the general case and will not, therefore, be recorded
here. However, it is worth while noting the extreme simplicity of the self-collision
terms. For this particular case, besides §(1) = 8(2) = 0, §(3) is also zero, as is {,
while 8(4) = 2. The relevant integrals are

Ijj(my) = Iiy(&5) = Iyy(kmyw}) = Ijy(mywy) =0,
Lj(my{w; wi}) = —n; Q22(2) {ps}, Liy(my wyw}) = —8n; Q2%2) 1.

Tt must of course be remembered that in obtaining the I;(y;) these integrals are
divided by two.
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In the simplest and most common of the exchange processes (resonance charge
exchange) particle & becomes particle I and particle I becomes particle k. However,
in general it is possible that particles &’ and I’ are excited states of particles I and k
and within the approach adopted here these are quite different particle types from
l and k; that is, no simplification of the general results is possible. Nevertheless,
returning to the case of resonant charge exchange, this is somewhat similar to the
pure elastic case and a reduction of the various coefficients is possible. Since for
the subscript order kI the scattering cross section refers to &’ rather than ', consider
l and &’ as the identical particles. Then for

J=l=kK#k=0, §1)=0, 82) =2, 53) =054 —1.

(The case of k = [ is exactly the same as that for elastic collisions.) Unlike elastic
collisions, however, 8E need not be zero and hence A may be different from unity.
Therefore, for resonant charge exchange the integrals become

Tiy(my) = I(61) = 0,

2
Tt ) = 2252 oy t207200) — @ty ) — o),
Y

while
(o) = 0,
(o) = Lmy(2Q-2.9(1) —QLY(1)),
r(a) = 0,
¥(0) = Lmuy?[ (30-20(2) —22-29(1)) +-(Q11(1) —2011(2))],

A7) = X| s 1 (207%2) o) + s (b —3020) |

) = a3 (207 —at),

with corresponding but appreciably more complicated expressions for the c2%(a)
and c?"(«).

(d) General Inelastic Collision

In a general inelastic collision particles &’ and I’ are distinctly different particles
from £ and ! and no precise simplification of the results of Section III is possible.
Both loss and gain terms must be considered separately. On the other hand, if the
identity of particle ¥ remains unchanged throughout the collision, such as in the
inelastic scattering of an electron, then considerable simplification is possible. How-
ever, before discussing this particular case several other aspects of the general inelastic
collision will be briefly considered.

Besides simple excitation or de-excitation (a collision of the second kind), in
an inelastic collision, fission-like or fusion-like processes are also possible. That is,
instead of there being just two product particles £’ and I’ there may be more or only
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one. In the latter case the problem is similar to recombination and need not be
reconsidered. If, however, there are more than two particles then the problem is
different but as will be seen no new difficulties are introduced. If &’ is the particle
of interest then the other products of the collision may be regarded as a simple
composite particle I/, having an internal energy equal to the sum of the internal
energies of the individual components plus their kinetic energies referred to the
centre of mass of I'. The fact that the “internal” energy ceases to be a discrete
quantity is of no consequence, since this has already been allowed for by the inclusion
of a continuum energy 8E in the definition of the cross sections. Thus a fission-
or fusion-like process may be essentially regarded as excitation to the continuum.
In particular, on writing I = ? L,

my = X my, Er =2 &y,
s s s s
while
. 2
8By = 8By = X tmygrv,
s B Bl
where

o= Wp—wy.
gus 1 v

In the case of simple ionization 8E;- is readily identified with the energy of
the ejected electron. In a more general case the problem need be no more difficult.
It should always be possible to specify a cross section o. . ., 8Ex) appropriate to the
production of a particle ¥’ with given energy 8Ej, the latter being referred (say)
to the centre of mass velocity G. Then since

Impr g3 +Ep+Er+3Bu k= mg g% +Ex+61,
while from (19) and (22)
8By = ympr g2y = Iy My g, ,
it follows that
8By = My[(8x+&E1—Ep—Er)+impu glzcl —8Ey].

Therefore the differential cross section
2mok;V (g, x, 8Ey’) sin x dy d(8Ey)
may be readily transformed to the form adopted in the preceding sections, namely,
2aak;V (g, x, 8B)siny dy d(8E),
SE being equivalent to 8E;.. Again since
My = (mo—mi)mo = (mo—my)[mo,
while A, which only occurs in the gain terms, is “operated” on by 8y-; leading to
M1 (1_ 2AEkl,I£'l') _ 1”__1@(1__ %ﬂ%ﬁi) ,
Mgy my1g mi1 g

mir
it follows that m; (= my) and mjy (= myy) are the only masses involved, and the
determination of the ¢’s and the 2’s proceeds as in the case of simple excitation.

2
Al gy =
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The final expression given above for A2 introduces a further point of general
interest. This is that, provided &' # I', the summations of the integrals over (k'7')
may be reduced to simple summations over I’. In fact such summations may be
more succinetly included within the £’s, the ¢’s being the only functions involved.
In order to emphasize this conclusion consider the previously mentioned case of
inelastic scattering of particle k. This corresponds to, with k& = I, k' £ I':

k=j=F, 8(1)=28(2) =0, §3)=254)=1.
Hence, from the results of Section III, the collision integrals are
Iny(mg) = Iry(6x) = O,

4n mr)
Tuthmed) = 252 ogm ol — 0 g,
Y

while
U — U = (),
16
gt = —Pmp Q1(1),
32
" = Trima(Q(1) —394(2),

2
m) (L gkt 2ok,
k

o8? = —(e/B2)m Q1(1)

PP — Sy L0} (2) + 18

with corresponding but somewhat more complicated expressions for the ¢?% and
c?. In these expressions the summation over (k'l’) is contained within the Q’s, these
being defined by (cf. equation (40))

Q) == fexp(—zf) Y il v) dy,
with
$ulp,) = 2 i (1) = Z ok (wv),
&1 v
and
Xerwr = Ny = (1—24Eg o muag?) ,
ABg gy = 11— &y —8E;-.
In fact, for this case, a further notational simplification is possible. Redefining
SE = &1+ 8By,

the summation over I’ may be implicitly contained within the cross section ¢, using
Dirac § functions to account for discrete energies of excitation (including the purely
elastic case) and step functions to account for the relevant continuum levels. Of
course, at any level of description, ¢ also contains implicitly a step function of 2,
since A2 must be greater than or equal to zero.
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Finally, it should be noted that if, for instance, the above case corresponded
to the inelastic scattering of electrons, then other integrals accounting for any
ejected electron must also be evaluated in order to determine Io(\ye). This particular
case for electrons has been discussed in detail by Bydder (19675).

V. REpUucTioN OF EQUATIONS TO PrACTICAL FORMS

In this section the reduction of the equations of the preceding sections to more
practical forms is briefly discussed. Such forms include transport relationships,
conservation equations, the generalized Ohm’s law, and equilibrium solutions.

The derivation of transport relationships is straightforward. These relationships
are essentially “solutions” of equations (5), (8), and (9) for the u, {p}, and g (or
r) in terms of all other variables such as n, T' (or p), v, f, . . . . These solutions may be
obtained by a method of successive approximation, being valid provided the collision
or Larmor times and mean free paths or Larmor radii (or hybrids of these) are small
compared with the characteristic times or dimensions of the system as a whole.
Following the method of Herdan and Liley (1960), on using equations (15), (16),
(17), and the expressions for I, h, and H given in Section II(d), equations (5), (8),
and (9) may be written in the form

0
Aj(uy) + % —pi f —pruyx by = § (cjs” ps Us s 15)

A4;{ps}) +2Z’1{g‘2} —2p5{f] wj} —2{{ps} x by} = ? s {Ps}»

50 (ij

5
Aj(q) — 17 {p} — 5P 7+ 35w ijj) —q;Xb; = 2 (' pstas +cfs 15)

s
where
f(j) = fi+dv/dt = aj+vx b;.

The exact form of the 4;’s may be determined by comparing these equations with
those given in Section II(), it being important to note, however, that they are
primarily functions of the derivatives of u, {p}, and q. A somewhat more convenient
equation than that given for q is one for r. This is obtained by subtracting SkT's/m;
times equation (3) from equation (5), leading to

5 kp; oT;

Afr) —f] (B} + 5 G 1By = T (6 po s i 1),

where
cre = c12—3(kT m)cu*.

On neglecting the A4;’s these equations determine the first approximations for
the &’s, {p}’s, and r’s (or @’s). Using these first approximations to obtain first approxi-
mations for the 4;’s and on retaining these latter terms, the equations then yield
second approximations for the w’s, {p}’s, and #’s. This process is repeated until the
desired degree of accuracy is achieved. In practice, however, there is little value in
proceeding beyond the first approximation since the higher order expressions are
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usually so complex that they are analytically unusable. Therefore, if the first approxi-
mations should be inadequate a different method of approximation from that des-
cribed must be sought.

Coupled with the transport relationships are the continuity (n;) and the energy
(pj or T; and Uj) equations and an equation for v. If v is equivalent to v, the mean
mass velocity of the mixture, then an equation for this variable is readily obtained.
On summing equations (5) over all j, the usual momentum conservation equation is
derived, namely,

0
%% _ gt oBtjx B— e (p+pvom0),

where j is the current density and o the charge density, given by
ji= ?"M(W-l-vo), 0=§”fef,
while
p= 213 Pi> p= %‘4 pi-

Similarly, a conservation equation for p may be obtained by summing equations (4),
the result being

3p+ pVo—O

On the other hand, on summing equations (6) and (7), a true conservation
equation is not obtained since radiation losses (and gains) have to be taken into
account. It is, however, possible to establish a continuity equation for the radiation
energy density D, this being of the form

+ e R=— 2 (Ij(éaf) +Ij(%mjw?)) ,

R being the radiation flux vector. (The absorption of radiation etc. is discussed in
Section VI.) On summing over all j and adding the three types of energy equations
the following equation is obtained

3
Aap+UED) O ((3p 4Dyt 04+R)+p: 20 = B,
where
P=§j3101, U=§Uf’ Q:§(QI+Uf“f)’

Q being the total thermal flux vector.

The final basic equation for the system is the generalized Ohm’s law. This
is obtained by multiplying equations (5) throughout by e;/m; and summing over all j.
However, due to differences in mass this equation is basically nothing more than an
equation for the electrons. Furthermore, for v = vy,

wLue (jFe) and J =~ neeete.
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Therefore, from equations (5), (16), and (47) the Ohm’s law for the mixture is

_@_e_(aj .8vo) 1 9

0 .
et T %.("01) _H'W _ne—eaﬁx'Pe

+(ne e)‘le B—(E+ Vo X B) = —nj—ozre N

where
2\ —1 -1
N = —(nee") % ”kcggce(“e) s o = (neeme) % nkcg,rke(“e) s

and e = |ee|. Again, due to mass differences the ce e coefficients may be reduced to
relatively simple forms (e.g. see Bydder 1967b).

Without considering specific cases it is not possible to reduce these basic
equations further. It would, of course, be convenient to define gross coefficients of
thermal conductivity and viscosity. In general, however, this is not practicable.
On adding together, say, the g;’s, terms other than a simple temperature gradient
are involved, while the problem is further complicated by the fact that the various
components of the mixture may have different temperatures. Again, since Q involves
Uju; it is obvious that a density gradient could perhaps be of equal importance.
However, in certain particular cases various simplifications should be possible. For
instance, in a polyatomic gas mixture it should be possible to relate U to 2p by the
introduction of the ratio of specific heats. In fact, it should even be possible to define
a temperature characteristic of the internal energy of a particle and express the
appropriate collision terms in such a manner that they exhibit the relaxation of energy
between internal and translational degrees of freedom. Results of this nature have
been obtained by Wang-Chang and Uhlenbeck (1951) using a Chapman-Enskog
approach to the inelastic collision problem. So far, of course, the possibility of a
number of internal degrees of freedom has been avoided, a particle being characterized
solely by its total internal energy &;. To adequately account for this possibility the
notation must be modified. One way of doing this is to put the subscript

J=jtjetist+ ...,
leading to
& = gj1+éojz+éaj3+ ey
where j1, j2, js, . . . characterize the internal degrees of freedom. In general, this
notational modification in no way alters the results of the preceding sections. How-
ever, for specific problems it can introduce additional notational complexity, since
implicit within the summations over j, k, I, etc. there are also summations over
J1, g2, - - - k1, Ko, . . ., ete.
Finally, referring to the equilibrium solutions, in the absence of spatial gradi-
ents and applied forces these are determined by
Ii(ys) =0, for all .

From (16), (17), and (18) these equations immediately yield

uy={p}=q=r=0,
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and the distribution functions become Maxwellian. On the other hand, the solutions
of

Ij(my) = 0, i) =0, Li(3mjw}) = 0

are not so obvious. In the absence of radiation it is to be expected that the appropriate
solutions will be of the form

T;,=T, n; oc exp(—&/kT), for all j.

However, this has not been proved and the problem of finding the correct equilibrium
solutions has still to be solved.

VI. DiscussioN

Inevitably, this paper has been primarily mathematical in character and little
of the physics associated with the results has been discussed. In particular, it has
not been possible to discuss the various effects implied by the collision integrals.
For instance, it is interesting to note the coupling between the momentum and
thermal (or heat) flux equations. In the case of simple monatomic gases such coupling
leads to thermal diffusion effects, anisotropic diffusion and resistivity coefficients,
and other effects. These are well known and in general well understood. However,
what is interesting is the implication that such effects are a peculiarity of particle
type and not simply particle mass. That is, for instance, it is possible that these effects
(thermal diffusion in particular) associated with inelastic collisions could lead to spatial
separation of excited states of the same atom. Only an exact evaluation of the relevant
coefficients involved, however, will prove or disprove this conjecture. ~Another
interesting observation concerns the energy integrals. Even if the collision is inelastic
there is still an “elastic”” exchange of energy. On reflection this is an obvious result,
but it is particularly well emphasized by the exact form of the energy integrals.

As already remarked, with one notable omission, all important collision pheno-
mena in a relatively dilute gas have been accounted for. The omission concerns the
direct interaction of radiation with the gas particles. The various emission processes
such as bound-bound (excitation and natural decay), free-bound (recombination
and natural decay), and free-free (bremsstrahlung, via the 8 term) have all been
included. On the other hand, absorption, stimulated emission, photo-ionization,
and Compton scattering have been ignored. However, on regarding a photon as a
particular particle type, these processes are analogous to recombination, ionization, a
general inelastic collision, and a general inelastic collision respectively. In one sense,
therefore, the physics of these processes has also been dealt with in the preceding
sections. In fact, because of this, it is interesting to speculate on whether or not the
results of this paper may also be applied to such direct photon interactions.

A photon of frequency v is equivalent to a particle of mass hv/c2. If in addition
the energy of the photon is divided into a translational component of }hv (= $mc?)
and an internal energy of 3kv, then on ignoring relativistic effects the basic dynamics
of a collision between a photon and a gas particle are the same as for any other two
particles. Therefore, on associating a velocity distribution function fi(%, w,t) with



NONEQUILIBRIUM THEORY OF GASES 635

photons of frequency v, these may be regarded as a particular particle type charac-
terized by a mass m,, internal energy &,, and charge e,, where

m, = hv[c2, &, = thv, e,=0.
It follows that an effective kinetic temperature 7', may be defined by
3%T, = thv,
leading, in particular, to an «, given by
o, = m,|2kT, = 3/2c2,

¢ being, of course, the speed of light. Thus all parameters such as 8, y, and { that
were introduced in Section III are well-defined functions. On the other hand, the final
form for the collision integrals given in Section III(d) depended on using the expres-
sions (14) for the distribution functions. Obviously these functions as such cannot
be used directly to describe the velocity distribution of photons. However, for a
given speed w they do specify the angular distribution in velocity space. Therefore,
for f = f,, on replacing f0 in equations (14) by

fO=FfIN8(c—yg),

where 8(c—g) is a Dirac delta function, g being any relevant relative or ‘“‘peculiar’”
speed, these functions may also be used to describe the photon velocity distributions,
with

f?r = nv(“v/”)alz exp(a, w2)

and N defined by
fw f,, dw = n,.

n, is the number density per unit frequency range for photons of frequency v and N
is a dimensional normalizing factor. Using the previously determined value for «,
it may be confirmed that

N = (Znc?)3/2exp(d)/dmc? ~c.
It then follows that provided the term
N §(c—g) = N 8(yc—y)

is included within the Q’s, the results of Section ITI(d) can be applied directly to
photon—particle interactions. Of course, in general the inclusion of photons introduces
a continuum of particle types (i.e. a continuum of v or m,) and hence various of the
summations over k, I, and (k'l') must be replaced by integrations over ». Again,
various equations of change for the photons must be developed in order to determine,
in particular, the »,. With v set equal to zero this poses no problem since such equa-
tions will be the same as those given in Section I1(b). However, for v equal to say
vy, the relevant equations may be somewhat more complex since it is possible that a
relativistic-like summation of velocities may be involved. This particular aspect
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has not been pursued. Again, no rigorous confirmation or proof of the various state-
ments and conjectures made in this discussion has been sought. Nevertheless, even
if some or all of these statements and conjectures should ultimately prove to be
false, it is clear that it should be possible to arrive at a kinetic theory for the photons
which is perfectly consistent with the analysis of the preceding sections.
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