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Summary

A general equation studying the combined effect of horizontal and vertical
magnetic fields on the stability of two superposed fluids has been obtained. The
unstable and stable cases at the interface (z = 0) between two uniform fluids, with
both the possibilities of real and complex n, have been separately dealt with. Some
new results are obtained. In the unstable case with real n, the perturbations are
damped or unstable according as 2(k?—k2 L?) —(ay—a,)k is > or < 0 under the
physical situation (35). In the stable case, the perturbations are stable or unstable
according as 2(k?— k> L2)4(o; —ay)k is > or < 0 under the same physical situation
(35). The perturbations become unstable if H,/H , (= L) is large. Both the cases
are also discussed with imaginary n.

I. INTRODUCTION

Hide (1955) considered the effect of a vertical magnetic field on the stability
of two superposed fluids, while the effect of a horizontal magnetic field on the
Rayleigh-Taylor instability was considered by Kruskal and Schwarzschild (1954).
The object of the present paper is to study the combined effect of horizontal and
vertical magnetic fields on the Rayleigh-Taylor instability.

After obtaining an equation that describes the effect of the magnetic fields
we then suppose that two uniform fluids, of densities p, and p,, are separated by a
horizontal boundary at z = 0. The unstable and stable cases for both real and
imaginary n» are then separately dealt with and discussed.

II. Basic EQUATIONS

The fluid is considered to be heterogeneous, inviscid, and of zero resistivity.
The equations of motion and continuity are

pdg/dt = —Vp—pg+ujxH; I

where ¢ = (u,v,w) is the velocity vector, p the pressure, u the magnetic permeability,
and g the acceleration due to gravity; and

V.gq=0, (2)
as the fluid is considered to be incompressible.

Since the density of a particle moving with the fluid remains constant,
Bpl0t +(g.V)p = 0. 3)
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Using Maxwell’s equations for a perfect conductor (n = 0),
0H|[ot = Vx(qxH). (4)

Let the actual density at any point due to a disturbance be p+38p and let dp
denote the corresponding increment in pressure. Further, if H, and H, denote the
vertical and horizontal magnetic fields respectively and k = (k,, h,, b,) is the pertur-
bation in H, we have

ou oh, 0h, 0
i w) = ®
dv uH, (o, Ooh, ,LH" AN
5w ) = e ©
aw ,LH" oh, oh)
F T (az ax) - "52'81’ —9-%; @
ou ov ow oh, ahy
BARtE=0  GErgrtEs ®
0 . dp
a—t.sp— —w$, (9)
and
oh 0 0
= (n St g) 0 (10)

Analysing the disturbances into normal modes, we seek solutions whose
dependence on z, y, and ¢ is given by

exp(ik,.x +ik,.y +n.1), (11)

where k,, k,, and n are constants, k, being the wave number along the x direction, k,
the wave number along the y direction, and k the resultant wave number. Using this
perturbation, equations (5)-(10) become

pnu—(pH | A7) (Dh, —ik,.h,) = —ik,.5p,  (12)
pnv—(uH , [47)(Dh, —ik, .h,)—(uH, [4m)(ik, . hy—ik,.h,) = —ik,.0p,  (13)

prw—+(uH, [4m)(Dh, —ik,.h,) = —D.8p +(gn)(Dp)w (14)
(on substituting for 8p from (9)),
ik, u +ik,.v = —Dw, ik,.h, +ik,.h, = —Dh,, (15)
and
h, = (H /n)Du +(H,[n)ik,.u, (16a)
hy = (H [n)Dv +(H, [n)ik,.v, (16b)
h, = (H, n)Dw +(H, [n)ik,.w. (16¢)
Multiplying (12) by —ik, and (13) by —ik, and adding, we get
pDw— B2 PHL pe goyp +"H" ky(ky.hy —kg.h,) = —’ffsp. (17)

47n
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Substituting the values of h,, &,, and h,, equation (17) becomes
.wH, H
Do +1%(@.Dz k(D)

H? k
ki

2
~op, (18)

2
— %(D2—k2)Dw

where {, the z component of vorticity, is given by
{ = 0v[ox —oufoy = ik,.v —ik,.u. (19)
Since equation (19) and —Dw = ik,.u +ik,.v hold,
w = k~2(ik,.{ +ik,. Dw).

Again, from equation (16a)

H ik,
b= (G T
so that
D(H ik, . .
D = 50+ ) -2 i) .

which is obtained on substituting the value of . Eliminating 8p between (14) and
(18), we obtain

2
{D(pDw) —kzpw}—zik,.%(Dz—kz)Dw — g{:n—;(m—kz)mw
H? .12 k2
RO — — LDy, (21)

Equation (21) is thus a general equation formulating the effects of both the
horizontal and vertical magnetic fields on the Rayleigh-Taylor instability. If we
put H, = 01in (21) we get an equation that is the same as the corresponding equation
in the presence of a vertical magnetic field, as given in Chandrasekhar (1961, p. 458).
Also, if we put H, =0 in (21) we get the corresponding equation in the presence of
a horizontal magnetic field (Chandrasekhar 1961, p. 465).

ITI. BounpaARY CONDITIONS

We suppose that the two uniform and perfectly conducting fluids are separated
by a horizontal boundary at z = 0. Then, at the interface,

w and h, are -continuous, (22)
and from equation (16¢), the continuities of w and h, imply that
Dw is continuous. (23)

Also at the interface between two uniform fluids e+*? is a solution of equation (21).
Since w and Dw are continuous at the interface, we infer from equation (21) that

D%w is also continuous. (24)



926 R. C. SHARMA AND K. M. SRIVASTAVA

Integrating equation (21) across the interface, a further boundary condition can be
obtained, namely

__[.LH_2_L s 12 pHY K oo pH Hy oo o,
As(pr 4—7m2(D lc)Dw—{—————47_m2 Dw 217%.————4‘”_”2 (D2 —E2)w

2
=—Capw,. (25)

IV. At THE INTERFACE BETWEEN Two UNirorM FLUIDS

We suppose that the two uniform fluids of densities p, and p, are separated
by a horizontal boundary at z =0 and define a dimensionless parameter L =
H,[H ,, so that equation (21) reduces to

(D2—k2)D2w +2ik, . L(D2—k?)Dw — (4mpn?|uH% +k2 L3)(D2—k*w = 0.  (26)
The solution of (26) is a linear combination of e+** and e+%, where
(q+ik; L)? = dmpn?|pH? .

We now consider the unstable and stable cases separately.

(@) Unstable Case

If n is real then the unstable case requires n? > 0, and if » is complex it is
supposed that the real part of n? is positive. Further we assume that

q = —ik, L +n(4mp/uH?)} and Re(n) > 0.

Since w must be bounded when z - +oco (in the upper fluid) and z - —co
(in the lower fluid), the solutions of equation (26) can be written as

w; = A, exp(+kz) +B,exp(+q,2), 2 <0, (27a)
w, = A,exp(—kz) + Byexp(—qz2) z2>0, (27b)

where A,, B, A,, and B, are constants of integration,
@ik, L = n(dmpy[uH2)t,  and  gotik, L = n(dmpy/uHi)t.  (28)

In writing the solutions for w in the two regions z < 0 and z > 0 in the manner
(27), we have assumed that ¢, and g, are so defined that their real parts are positive.

Using the boundary conditions (22)—(25) and substituting for w;, and w, from
(27), at the interface z = 0 we get an equation in ¢, and g, of the form

1 1 -1 -1

A ) k a +k  +q 0
q ’q — p—t ,
e g -k g

c D E F
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where
C =4R—o;—a, k2 L2/(q,+ik, L)?,

ou(@/k)(gi k1) _ an(@a/k)RZ L | o 2ik, L(g?—k?)/k
(u+ik. L)% (¢ +ik, L)? (@ +ik, L7

E = %R“O‘z—‘“zkng/(%-f‘ikz L)y,

o(qa/k) (43 —F?) _ %y(gs/ k)3 L2 oy 2ik, L(g3—k?)/k
(qo+ik, L)*  (gy+ik, L)? (qo+ik, L)* °

D = }R—a,(q:/k)+

F = §R—ay(qp/k)+

with
P1 P2 gk
=1 oy = , and B ="5(ay—a,).
p1tp2 T ptes nz( 2—%)

The determinant is solved by removing the factors ¢;—k and ¢,—k (since
these become identically zero on substitution of the functions w, and w,, giving the
characteristic roots ¢, = k and ¢, = k) and expanding the remaining determinant
to obtain

2 o Xo
:R“l — Lk ((ql+ik, o Gk L)z)}(qlﬂﬁ%)

2ik, L —2ik, L(oy/k)(29,+F
= op(L R G by 2a R E BB ) o)

We define the Alfven velocity V, = {uH2 /4m(p,+p,) }}, so that
¢ = —ik, L+(n|V,)od and Qs = — ik, L+(n/V z)od.

Substituting for ¢,, ¢,, and R we obtain

k
%(az—al)(%nt——a; iag) T2+ =

2k, L dik, LBHIRIY VR
k(ad +od) k(ef+od)  n?

8ik, L (k2 ViLe
k(od+ad)

measuring 7 and k in the units (g/V,)sec~! and (g/V %) cm~! respectively.

2kVA Va VA

+Ick2L2 —4ik, L—=

2ik, L gk
k(od +od) n2

Vaod—od
n af+ob

(otg—aty) —dik, L

+

+ik, L ai+a§ )—2 —aia; +ik, Lk—3 VA Icagzné), (30)

Equation (30) in nondimensional form reduces to

nd+4 (Zk(oci—i—ocg) — 2;:_ 1; (1+4ad od) )n2 —|—k(2k+a1—a2——- 7k k2 L2 —S8ik L)
4ik, L(k2+E2 L% .
+2k2(0(.i -ﬁg) -_ ——W “‘"21’01 L(di —~a§)k
+ S;I:L Ig(kz L2 ik, Lk) = 0. (31)

This is the general equation for combined horizontal and vertical magnetic fields.
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(1) Real n
In this case a, > ;. If n is real then separating real and imaginary parts of
equation (31) we get

6

2
-+ 2k(od +adn? —|—k(2k—l—oc1—a2— O Lz)n _ SEL%

of+ad

+2k¥(af—ad) = 0, (32)
and
(1-+ dafodyn? +4k(ad +od)n + 2(k2—Kk2 L2) (2 —op)k} = 0. (33)
On solving equation (33) we get
n = —2k(ad-+ob) £[4k%(od -+ ad)2—(1-+dad od) {2(k2 —KF L)+ (o —o)k}]E . (34)

If the term in square brackets is denoted by 7' then equation (34) gives the
characteristic value of » under the condition

F(k) = L7524kt +od) T - {4k2(o )2+ 22+ F(ay —uy) —6k2 L2} T

—{2k2(a{+a;) (2k+ocl——oc2— % k2 L2) T e, %f—zg“ =0. (35)

For n to be real
(o +-o8)2 — (1 +4oed o) {2(k2 — K3 L?) — (ot —01) e}
must be positive. The perturbations are damped or unstable according as
2(k2—k2 L2 —(ay—oy )k is > or <0
under the condition (35).
(ii) Complex n

We suppose that n = «+-if, where « and f are real. Substituting for » in
equation (31) and equating real and imaginary parts we obtain,

4k, L(1 +dafod) /3)

(30 (2htod -+ —)+ 2

6 S8k2L2k
—-I—k(2k+oc1—oc2 — Ekﬁ L2 48k, L kﬁ) +2k2(of —ok) — ATl =0 (36)
and
2 2k1L 2 2 3+ 6 2 72
(3028 —33) + | 2K (o} +od) 208+ (B2 —a2)(1+4af od) |+ kB| 2k—+ oy —oty — 7 kZ L
of+od k
4k, L .o 1o 8k, L _,
— — L2)—2 Fe(od — k212 =0.
SkILkoc} oci+oc§(k +k2 L?)— 2k, Lk(od —od)+ oc{—}—a%k’” 0
(37
Considering the cases « >, = , or < /38, since a, > a, we conclude that, however

« and B are related, equation (36) must allow at least one change of sign and hence
one positive root, showing that the equilibrium is unstable.
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(b) Stable Case
(i) Real n

In this case ay < ;. Again we consider equations (34) and (35). Here the
perturbations are stable or unstable according as

22 —k2 L)+ (oy —a)k i8> or <0

under the physical situation (35). The perturbations become unstable if H,/H, = L
is large.

(ii) Complex n
Consider the three cases « >, =, or < 4/38 in equation (36). If « > 4/38,

equation (36) does not possess any change of sign and hence the equilibrium is stable.
Thus « > 4/38 is the condition for stable equilibrium.
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