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Abstract

The calculation of the half-shell two-nucleon ¢-matrix from the wavefunction
due to the Hamada—Johnston potential in the presence of the Coulomb interaction
is described. The contribution from the long range nature of the Coulomb interaction
is included and its effect on the half-shell ¢-matrix is indicated.

I. INTRODUCTION

As the two-nucleon interaction is required off the energy shell in calculations
for a many-nucleon system, a great deal of effort has been devoted to the study of
the off-shell behaviour of the {-matrix. The experimental constraints on the elastic
t-matrix do not uniquely specify the potential and it is possible to construct ¢-matrices
with different off-shell behaviour. The sensitivity of many-body calculations to the
off-shell structure of the two-body ¢-matrix half off the energy shell, referred to as
the half-shell ¢-matrix, has recently emerged as a more fundamental quantity
(Baranger ef al. 1969), as the fully off-shell {-matrix may be calculated from it. The
half-shell {-matrix occurs often in nuclear physics, as, for example, in nucleon-nucleon
bremsstrahlung (Sobel 1965), the plane wave impulse approximation in knock-out
reactions, and quasi-free scattering (Redish, Stephenson, and Lerner 1970). Informa-
tion concerning the wavefunction as well as the elastic phase shifts are contained in
the half-shell £-matrix, and hence it may be parameterized in terms of the short range
behaviour of the wavefunction (Picker, Redish, and Stephenson 1971).

Off-shell behaviour has usually been considered in the absence of the Coulomb
interaction which is not restricted to a finite number of partial waves. However, the
Coulomb scattering amplitude makes a large contribution to the p—p scattering
amplitude especially at small angles, and in this paper the nature of the Coulomb
contribution to the p-p ¢-matrix is considered in a typical off-shell situation, i.e.
the half-shell {-matrix. The form of the half-shell ¢-matrix due to a realistic local
potential, the Hamada—Johnston (1962) potential, is given for a general partial
wave and in the presence of the Coulomb interaction. The total ¢-matrix is separated
into the “nuclear” term and the pure Coulomb half-shell ¢-matrix. The latter term
does not allow accurate results to be obtained from a finite partial wave expansion
and an approximation formula is used.

The results of the calculation enable an estimation of the consequences of either
omitting the Coulomb contribution from the half-shell ¢-matrix altogether or of
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including the Coulomb potential in just those partial waves for which the nuclear
force is effective. It is found that Coulomb interference is large and constructive
around the near on-shell region for small scattering angles and that it results in a
reduction of a few per cent elsewhere.

II. HALF-SHELL {-MATRIX

In this section we consider the calculation of the half-shell {-matrix due to a
realistic local potential when the Coulomb interaction is present. The present work is
restricted to the isospin 7' = 1 two-nucleon system, but the results are easily applied
to the T' = 0 system by omitting the Coulomb contribution and making the necessary
changes to the statistics. Without the Coulomb interaction the final expressions
reduce to those obtained by Sobel (1965). We wish to emphasize here those aspects
of the formulation which differ from the latter work due to the Coulomb interaction,
especially in the coupled states.

The half-shell #-matrix is related to the wavefunction by (Goldberger and
Watson 1964)

R |4(H2) [ Ry = (R | V |0k, 1)), (1)

where 4 is the solution of the Schrodinger equation for the interaction V with
outgoing boundary conditions. When V includes the Coulomb potential, a partial
wave expansion of (1) will omit important long range contributions. To overcome
this difficulty we separate the matrix element in a way which is exact only on-shell.
From the theory of scattering by two potentials (Goldberger and Watson 1964)

K| Vet-Vy [Pk, 1)y = S | Vo |4+ | V| k>
= (P | Vo |$D> 4R | To(k?) | kY, @)

where ¢$7 is the solution of the Coulomb Schrédinger equation with ingoing boundary
conditions. The first term in (2), the “nuclear” term, can be expanded in partial
waves while an approximate method is used for the second term, which is the half-
shell Coulomb #-matrix.

Since we wish to consider realistic local potentials containing tensor interaction,
the total Hamiltonian commutes only with $2, J2, J,, and parity, thus causing orbital
angular momentum states I = j41 to be mixed. The wavefunction must be expanded
in simultaneous eigenfunctions of $2, J2, and J, and the Pauli principle restricts the
states such that (—1)+s+7 = —1. For T = 1 we have singlet-even and triplet—odd
states. We use the notation of Ashkin and Wu (1948) here for partial wave expansion
of the wavefunction due to tensor force scattering. The non-conservation of orbital
angular momentum is implied by the fact that the radial wavefunction will satisfy
coupled Schridinger equations. All angles unless otherwise indicated are referenced
from the incident momentum k.

The expansion of the total wavefunction for a spin .S is

20 r) = 3 pam @D explion) ()N G BT @)
glm;
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and the corresponding expansion for the Coulomb wavefunction is
) Omgm
om, (R, 1) = Z {4=(21+1 I it exp(ioy) {Fi(n, k'r)[k'r}¥5d (— i, 6) Cla ™, (4)

where in this notation Cl’;j‘lms"‘j are the usual Clebsch—Gordan coefficients and we
have introduced spin-angle eigenfunctions defined by

Y (@,0) = X Y{"(Q)X%"(0)Clsf™™ . )
m,m,

Also, Fi(n,k'r) is the regular Coulomb wavefunction, n = we?/h2k’, and o; and &y
are the Coulomb and total scattering phase shifts respectively. In order to facilitate
the angular integration, we use the addition theorem for spherical harmonics (Edmonds
1960) to express ¢*( (k' 1) a8 & function of 7, at the same time introducing the
scattering angle 0 = k’ .k. With the aid of the expansions (3) and (4) the nuclear
term in the {-matrix (2) can be expanded, the spin-angle integrations performed,
and expressions obtained for the {-matrix due to a particular total spin § and with
initial and final spin projections m; and m; respectively.

The coupled channels require special treatment. Here we use the Blatt and
Biedenharn (1952) parameterization in which the S-matrix for the coupled channels
I = j41 can be represented by three parameters, the mixing parameter ¢; and the
eigenphases 87 and 84. This is equivalent to constructing a total scattering wave-
function with mixtures of [ = j4-1 states which are eigenstates of the scattering.
To do this we must modify the expansion of the total wavefunction (+) by setting

A7 s VY1 AL O a0 = o by B brss  (6)

where the A;7 represent the constants in the expansion (3) of $H. If we take the
eigenstates ¢, to be of the form

(‘i’fé) _ r—l(EXP(iséx )i-1,3(r)  —exp(idy) Uﬁu(”) (i"’lff’/}"f-l,l) )

2 exp(isf) of1,4r)  —exp(df) ofsa s} N @ s
with the radial eigenfunctions having the asymptotic forms
[”f—1’f<”)} N{ ooses }sm(kr_lw(j—l)— ln(2kr)+[8’g }) (8a)
vf 1 (r) —sin ¢ 2 K 841)°
v}"ﬂ,j(r)} - {sin ej} . ( g . [5}1}) .
{vﬁl’j(r) cos¢; sin| kr —§m(j+1)—nIn(2kr)+ stf) (8b)
then the constants «f"s and 7" will be given by
(ocjmf) _ ( oS ¢ sin Gj) (aﬁ’i,j) ©)
B —sine;  cose/ \ajid

where
jﬂ
ajih,y = Aj gfi
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The radial eigenfunctions are obtained by solving the coupled Schrédinger
equation with two independent sets of boundary conditions at r =0 (or r = r¢
if the potential has a hard core) and taking a linear combination of the two sets of
solutions, then requiring that the states I = j4-1 have the same total phase shift.

The matching procedure in the asymptotic region is

aviy ;(r) +b oS 4(r) ~ F;_y(n, kr) cos 8; +Gj_1(n, r) sin 8; (10a)
it 5(r) +bofh () 2 Finan, kr) cos ¢ +Gya(n, kr) sin (10b)

and we require that
0j-1+6; = oj11+¢5.

This procedure determines ;, 8, and 84, and when the Coulomb interaction is present
the eigenphases contain the Coulomb phase whereas in the uncoupled states the
pure Coulomb phase oy is easily separated out. It is convenient to define the radial
eigenfunctions w{3;f}(r) as having the asymptotic forms (8) without the coupling
parameters. The Schrédinger equations for the radial wavefunctions are, for the
uncoupled states I = j,

2 /42
{ﬁ (;2—{— l(ljz_l))—Vc(r)}ul(r) = Vi(r) wi(r) (11)

and, for the coupled states I = j+1,

(& - 2020) vty 100 = Vroastoh s )+ Vi a0,

(12a)
d? j i+2
{Z}L( 5+ ww))—%(f‘)}uﬁu(f) = Vis1,g(0) wg1,5(r) + Vi) s 4(r)
r (12b)
where
Vi(r) = ,gim |V, |1, sjm), Vi(r) = (G—1,sjm |V, |j+1,sm),

Vic1,3() = G—L,gjm | Va[j—L,sjm>,  Visrs(r) = G+1,8/m| Va|j+1,sm).

We can now describe the final expressions for the half-shell {-matrix obtained
by using the wavefunction expansions (3) and (4) in equation (2). The {-matrix
will be a 4 x4 matrix in spin space. The antisymmetrized matrix element for the
singlet state is

1 =2 3 QI414E, ks )Pk’ k) H{Tc(6)+Tc(n—0)}, (13)

evenl

where T'¢(0) represents the half-shell Coulomb ¢-matrix which is discussed below.
The triplet matrix is complicated by the coupled states and is described for scattering
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from initial spin projection m; to final spin projection m¢ by

mTm, = m %+ m T +m T +8mem {Tc(0) —Tc(m—0)}, (14)

where the expressions for the first three terms on the right-hand side are given in the
Appendix. The partial {-matrix elements have the form, for the uncoupled states
1=y,

b 5 R2) = —(2u/AR)(R (K, &)k kexpli(3,+oj-+o,)] (15)

and, for the coupled states I = j+1,

(k' k; kz)} {R,ﬂ (K, k) [k’ k} [({s;‘} : )]

{tfj;l(k’, k, kZ) 2 /ﬁ ) ]j:l kr k)/kk P 1 8;9 _I_Ujil ’ (15b)
where E;(k', k) and R}i’lﬂ’(k’,k) are real functions representing the radial integrals
which in the coupled states have the forms

Rf (K k) . ® ) , ) u}"_.l,j(r)} {tane-} t {u‘?‘_‘_l’j(r)}]
{ngl(kl,k)} ——J’O F]—l(n’kr)l:Vf‘l,](,"){ufql,j(,’,) + —COtJEj Vf(r) u;‘ﬂ+1,j(7') d”',
(16a)
R;‘H(k’,k)} B f . , [ _ {u;‘+1,-(r)} { cot¢; } ¢ {uj‘_l,-(r)}:l
{Rf+]_(k’, k) - 0 Fj+1(7])kr) V,1+1,.7(r) u;’?+1’;(7') + —tanej Vj(r) u];_?_l’;(r) dr.
(16b)

The form of R;(k’, k) is easily obtained as a special case of the above. On the energy
shell the radial integrals reduce to

, #2 R;;l(k',k)} #2 ({a“} )
R;(K', k) kjk f—kSlIl8j, {Rﬁeil(k’,k) Ic’_:k Q“ksm s8] o) (17)

and the partial amplitudes take on the usual forms for the nuclear scattering
amplitudes,

ti(k', k; k°) ‘/':ké}']éexp(QiO'j){eXp(2i8j)—1}, (18a)
) )]
{,ﬂ(k ke 1)) oo 20k | O°P 2 5 —exp(2ioj41) | - (18b)

If the local potential contains a hard core (e.g. Hamada—Johnston potential), care
must be taken in performing the radial integrals (16) as there is a contribution due to
the hard core region. We briefly consider now the method of obtaining these con-
tributions.

Those parts of the integrands in (16) enclosed in square brackets are indefinite
in the hard core region 0 < r < re. It is to be noted that these parts will be the
right-hand side expressions in the Schrédinger equations (similar to (12)) satisfied
by the coupled radial eigenfunctions. Hence the hard core contribution to Ry ,,
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for example, is given by

ﬁz e , dz Hi_1) - "
(Bf-1n.c. = o f Fyaln, r)(—z D yemusa s ar. ()
2uJo dr r
Using the facts that Fy(n, k'r) ~ ri+1 as r — 0 and that uy(r) = 0 for r < r¢, the
only contribution to the integral in the region 0 << r <7, will be at r = r, where

d%ug ; ;(r)}/dr? has a delta-function singularity. Integrating by parts we obtain

2 a
B . = 2 By ) (L5210D) (20)

To complete our calculation of the half-shell 77 =1 ¢-matrix with Coulomb
corrections we need the half-shell Coulomb ¢-matrix as indicated in (2). Since we are
only interested in estimating its contribution, for ease of computation the approxi-
mation due to Ford (1964, 1966) has been chosen. From a study of the screened
Coulomb ¢-matrix off-shell, he found that, except for a region very close to the energy
shell, the behaviour of the half-shell Coulomb ¢-matrix is described by

20 *Co(m) exp(ido) (° —k")""

k| Tc(k®) |k : OR™, 21
CR|To(k”) | k') ~ 72 (B +O(R™) (21)
for |k—Fk'| > R-1 and k' > R-1, where
80 = oo—nIn2k'R), oo = arg{'(1+in)}, Co(n) = exp{—4mn | (1+i)[}.

Near to and on the energy shell the contributions from the extremely long range
of the Coulomb potential are most important for the Coulomb ¢-matrix.

In the absence of the Coulomb potential the forms (15) for the partial -matrix
elements, resulting from a realistic local potential, have been shown (Sobel 1967)
to satisfy the requirements of off-shell unitarity and time-reversal invariance. These
requirements would be preserved in the full {-matrix if the pure Coulomb contribution
were not separated out, but, for computational ease and in order to estimate the full
Coulomb interference with the nuclear part, the approximation method above has
been chosen.

Apart from a normalization constant the real functions R;(k', k) and R{2;# (k', k)
appearing in the f-matrix are the so-called quasi-phase parameters used by many
authors (e.g. Sobel 1965) to specify the half-shell #-matrix in nucleon-nucleon
bremsstrahlung. These functions can be parameterized in terms of the short range
behaviour of the wavefunction and the range of variation in the near off-shell behaviour
can be estimated (Picker, Redish, and Stephenson 1971). Since we are interested
here in interference effects between the nuclear and Coulomb contributions, we form
the square modulus of the scattering amplitude

1T = %{HT F+ X mTm, \2}. (22)

Mgty

On the energy shell, the result can be compared with the elastic p—p cross section.
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ITI. ResuLTs AND DIscussioN

The behaviour of the Coulomb half-shell ¢{-matrix resulting from the use of
the approximation (21) is indicated in Figure 1. The square modulus of the anti-
symmetrized {-matrix* is plotted for singlet and triplet states at two typical scattering
angles. The triplet amplitude is zero at 90° scattering (Fig. 1(a)) and both the singlet
and triplet amplitudes remain small for large scattering angles. For small scattering
angles (Fig. 1(b)) a strong peak develops around the on-shell region due to the con-
tributions from the long range of the Coulomb interaction. As the scattering angle
tends to zero the singular nature of the Coulomb amplitude is reproduced in the near
on-shell region. The on-shell values are obtained from the usual Coulomb scattering
amplitude (Goldberger and Watson 1964). At higher energies the Coulomb contri-
bution is significant only for very small angles and close to the on-shell region.

Fig. 1.—Singlet and triplet contributions
of the half-shell Coulomb ¢-matrix

(from the approximation (21)) to the r
(@) 90° and (b) 20°
scattering cross sections for £ = 20 MeV. 3F

= 2 «— Singlet
&
o
£ .
g 1 Triplet—
o
= (b)
I [ B! L
0 10 20 30 40 50 60 70

K (MeV)

The calculation of the nuclear part of the half-shell {-matrix can be checked
by ensuring that the radial integrals reduce to the on-shell forms (17) and that the
elastic cross section is obtained. The off-shell behaviour of the full {-matrix for the
Hamada—Johnston potential at 90° scattering angle is indicated in Figure 2(a).
States up to J = 4 have been included at the higher energies. As expected the
Coulomb contribution is quite small at 90° and is responsible for some destructive
interference in the low energy off-shell region (Fig. 2(b)). At smaller scattering angles,
however, the Coulomb contribution interferes constructively with the nuclear term
and introduces a strong peak at the on-shell point. In Figures 3(a) and 3(b) this
small-angle Coulomb interference is indicated for 10 and 20 MeV respectively, where
states up to J = 2 have been included.

The angular distribution of the half-shell cross section near the on-shell region
for 20 MeV is plotted in Figure 4. It is clear that the singular nature of the scattering
amplitude at small angles is confined to the near on-shell regions. The elastic ampli-
tudes typically have a small region of destructive interference at angles just outside
the strong constructive region, e.g. at 20° in Figure 4. The half-shell Coulomb

* This is the proper description of the quantity plotted in all figures in this paper.
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¢t-matrix undergoes a rapid phase change at these angles, and Figure 5 indicates the
off-shell behaviour of the full scattering amplitude obtained in this region. For
higher energies the influence of the Coulomb interaction on the half-shell {-matrix
is confined to only very small scattering angles.

30 30 ~
i 2(a) 20
\ — ——— Nuclear term only

% 25 ——— With Coulomb potential

20\ k=10 MeV 20

]TIZ (mb sr_l)

L | J
0 50 100 150 200 250 300 0

k (MeV)

- ——~ Nuclear term only
With Coulomb potential

. Elastic cross section

Fig. 2 (above).—Showing for the
half-shell scattering cross
section at 90°:

(a) the off-shell behaviour due to
the full half-shell -matrix
for the Hamada—Johnston
potential, and

(b) the influence of the Coulomb
potential in the low energy
off-shell region.

IT|? (mbsr™)

Fig. 3 (left).—Small-angle
enhancement by the Coulomb
contribution to the half-shell
scattering cross section. The
curves are for a scattering
angle of 10° at:

(a) & = 10 MeV,

(b) k= 20 MeV.

0 10 20 30 40 50 60 70 80 90
K (MeV)

In conclusion then the results of the present investigation into the effects of
the Coulomb interaction on the half-shell {-matrix may be summarized as follows.
Except for a region close to the energy shell with small scattering angles, the Coulomb
force has little effect, there being a slight destructive interference. The long range
contributions from the Coulomb potential result in a strong constructive peak at the
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near on-shell region for small scattering angles. This latter effect would not be borne
out in a finite partial wave expansion of the Coulomb contribution. The approximate
expression for the half-shell Coulomb #-matrix employed here serves as an indication
of the nature and magnitude of the error involved in omitting the Coulomb con-
tribution from the 7' = 1 half-shell ¢{-matrix.

K= 20 MeV

151 Fig. 4.—Angular distributions of
the half-shell cross section near
the on-shell region for

k = 20 MeV and the indicated

10 values of k’.

T2 (mbsr™)

Fig. 5.—Half-shell cross section
at 20° for £ = 10 and 20 MeV
where there is destructive
interference.

ik (mbsr)

K (MeV)
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APPENDIX

If we take the interaction to be described by a realistic local potential and the
Coulomb potential and denote the initial and final spin projections by m; and m;
respectively, then the expressions for the antisymmetrized 7' = 1 half-shell {-matrix
after partial wave expansion are as follows. The singlet term is

=2 L {477 -+ ks i ) Y](G) H{Tc()+Tc(m—0)}, (Al)

while the triplet term can be expressed as in equation (14) in Section IT, where the
terms , T, | T, and , T® correspond to the cases I =j; I =1, j=0; and
l= jj:l respectlvely These are given by
oD R . , 2 m—me,me,m; 0, ; m, -
w0 =2 3 @ DF G s B O O ) (1),
(A2)
m T = 4(3m) tao(k', ks K°) Oy ™0 ™0™ e ™ ¥ ™) (—1)™ ™ (A3)

meffi’:z P 20— 1)+ O ™ (B B ) Y ()™

My —Mg, Me, My

+[4"{2<j+1)+1}]% Cininy’ (Ej+1—|—EJ+1) Y3+1 " (—l)mﬁmf ’

(Ad)
where
. 4+
Ei, = cos” eti 1k, k; lcz) (03_1 1 _tan ¢ C'gﬁiu B) ;+ )
2(5-+1)4+1
E]"/i—l = sul € t] —1( k k; kz (0 ,' '+Cot €5 0;)+7:{L1ZL 2<0+1;11)
E;L+1 = sin G]tj+1 k k k2 (0 j+1 l1 —cot ejog‘?ilyi2(3+l)+l)
2 1)4+1
E’j+1 = COs ejtj.H k Ic kz (0 j+1 1j —&—tane,O?—?‘lr? 2(j+1;11)





