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Abstract

A simple model Hamiltonian is used to calculate exactly the line shapes of magnon sidebands in
excitonic spectra in a ferromagnet, using Green functions. The effect of a spin defect in the crystal
is included in the calculation. In contrast to previous work, no approximations involving Green
function decoupling are necessary for this Hamiltonian which, however, contains the essential
physical features of the problem. Some one-dimensional crystal line shapes are calculated to
illustrate the features of the theory, and application to realistic crystals is discussed.

Introduction

Magnon sidebands, the result of interactions between magnons and excitons, have
been observed in the excitonic spectra of magnetic crystals by several experimenters
(Green et al. 1965; Stevenson 1966; Johnson et al. 1966). Tanabe et al. (1965),
Parkinson and Loudon (1968), Loudon (1968), Parkinson (1969) and Bhandari and
Falicov (1972) have put forward theories to explain the magnon sideband based on the
mechanism of magnon—exciton interaction proposed by Sugano and Tanabe (1963).
All these theories required approximations to obtain results because their Hamilton-
ians, although physically realistic, were nonlinear, and could not be diagonalized. The
Hamiltonian chosen in the present paper retains the physical significance of earlier
theories but also includes the effect of an impurity. Computation of the effect of the
impurity is made manageable by defining a Hamiltonian which is quadratic in form
and is exactly soluble despite the lack of translational invariance caused by the defect.
We are able to make a clear physical interpretation of the results. The theory may
also be extended to antiferromagnetic crystals near the ground state.

Model Hamiltonian

The phenomenological Hamiltonian is chosen to represent the magnons and
excitons (of the Frenkel type) in the crystal, and includes a magnon—exciton inter-
action term. The defect is accounted for by an interaction term between magnons.
The advantage of this Hamiltonian is that it is exactly soluble and one can keep
track of the physical significance of the results, in contrast to previous theories where
the approximations necessary for solution of the more accurate Hamiltonians have
tended to make interpretations more difficult. The present Hamiltonian takes the form

H = ;81(")0;% +;82b; b, +9Y (af by +bf ay) +yN Y afa., @)
% it
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for N atoms in the crystal. The operators a;f, a, and b;, b,, are creation and annihila-
tion operators for the magnons and excitons respectively, while &;(k) is the magnon
energy and ¢, the exciton energy. We neglect any dispersion of the exciton branch
which is generally small. The strength of the magnon-exciton interaction is taken
to be independent of wave number. The effect of a spin impurity is given by the last
term of equation (1). In general y would be dependent on k and &', but for simplicity
we ignore this here, although it could be treated, in principle at least, under this
model. Callaway (1963) has given an expression for y(k,k’) (his equation (A3)).
The magnon energy may be written as

(k) =2JS Y (1 —cosk.A) —2zJS%p, 0))
X

where we have set the zero of the energy scale at the ground state energy —JN.Sz2 and
p =S =JS)/JS,

with J and S the exchange coupling and spin of the host atoms and J’ and S’ the
corresponding characteristics of the defect. The sum over A in equation (2) is over
nearest-neighbour sites in the crystal, z being the number of nearest neighbours.

The form of the magnon—exciton coupling proposed by Sugano and Tanabe (1963)
is an interaction arising out of the coupling between a pair of nearest-neighbour ions.
It is an exchange coupling where one of the ions is raised to an excited electronic state
and has its spin component changed by unity, while the other ion has an accompanying
unit change in spin to conserve the total spin of the system. Parkinson and Loudon
(1968) have used this type of interaction to describe the isotropic magnon—exciton
interaction, as well as including it in the electric dipole moment which couples to an
external electromagnetic field. Instead of including the interaction at both places in
the present Hamiltonian, we have assumed that the external ‘electromagnetic field
Ecosw,t couples only to the excitons. The interaction term chosen represents the
exciton interaction of Sugano and Tanabe (1963) in a phenomenological manner.

Calculations

We are interested in the optical absorption of a crystal with the Hamiltonian )]
which is perturbed by a Hamiltonian of the form

=,—;p,,.E, ?3)

for an electric dipole moment p, of the nth ion. We ignore the effect of the magnetic
component of the external field and represent the Frenkel exciton as a simple harmonic
oscillator. Then the Hamiltonian (3) becomes, in second quantized form,

#Hy =iaN"* Y (bf —b)Ecosw,t, “)
%
where the electric field is in the direction of polarization and « represents unit

polarization of the ion.
The optical absorption is given by the imaginary part of the Green function

G(t—1) = Kp(t—1), #(OWE )
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for a crystal dipole moment
p=—Yer,
n

r, being the displacement of the nth exciton in the lattice. The Green function (5)
depends on Green functions of the operators b; and b, and to evaluate these latter
functions we will use the equation of motion method (Zubarev 1960). This requires
firstly a diagonalization of the Hamiltonian (1), which in matrix form becomes

Jf:[af{;b,f]A B @) ©)
B Dj| |5,
where
-,
a Ay
[af; b} ] = [ai, . aiy; b s b ] = ,
bk bkl
_81(k1)+yN-1: 'YN_I’ ey ')’N—l _ka a
A yN 1, g (k) +yN "1, .., yN 1
i N1, vy Eg(ky)+ YN 71 |
—gs 0’ [T 0 &y, 0, sy 0]
B= O:gfop(i) , D= 9, 8'2, eeey (')
| O, ... ... , g 0, ... .. , &

To diagonalize equation (6) we first attempt to diagonalize the submatrix A. Note
that submatrices B and D are scalar matrices so that any transformation which will

diagonalize A will leave B and D unchanged. The secular equation for A is
D@) = ];[ {ed(k) =2} +yN Zk Iﬂk{sl(k’) -1} =0. Q)

This is more conveniently written by dividing by the defect-free secular equation

Dy(%) = IkI {es(k) — 4} @®
to give
2(0) =1+ yN“I;{s,(k) —-A}"t=0. )
The eigenvectors of A have the form
{ey(ky) =231
S, =N;? {81(ki).“/1}_1 > (10)

{eaky) =237
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where
+
N, = (; {o:(8) —A}'Z) . (1)

The matrix S formed with (10) as columns will then give the transform to diagonalize
A. Since A is symmetric and S is normalized, we have that S is unitary and so
S~ = S*, the transpose of S (Bellman 1960).
We now form the matrix
S o0
P= [ ]’ (12)

0 S

where 0 is the null matrix. The Hamiltonian (6) may then be written

w =L@ 0T ppe (A B ppe (%
B D b,

_ [ bl [x B} P [a"], 13)
B o s

where A is the diagonal matrix whose diagonal elements are the eigenvalues of A,
given by equation (9).

The matrix in (13) is now block diagonal and symmetric and may thus be com-
pletely diagonalized by treating it as 2x2 matrix. The eigenvalues will then be
given by

AEQ) = J0+e) £ 3{(e2— A +49° 14

(from equation (9), A has N values) and the transition matrix to diagonalize the
matrix in (13), properly normalized, is

T — [Tll TIZ] R (15)
T21 T22
where
x(h) +() o . 1
[1+{x(A2)+y(A)}*]*’ ’
0, . .
T11 = . . . R (153)
. . 0
0 P SRS O
i ’ T A+ {xGw+ O
[+ {x(2)+yG¥17% o0, . . 0 7
0, . .
Ty = . . . ,  (15b)
. . 0 '
B 0, oo 0 [T+ {x(An)+y(UN)}*] 7R
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x(h) = i) o 0
[L+{x(A)—yA)’]1"
0, . .
Ty, = . . . , (15¢)
0
. X(y) = y0)
B ' ’ [1+{x(Ax) - .V()w)}z]% n
[+ {x(A)—-y(AD}* 1% 0, . . 0 T
0, . .
T,, = . . . R (15d)
. . 0
L 0’ M * 0’ [1 + {x('lN) - y(}-N)}z] * .
with
x(D) = (—-N29, yA)={1+xD*}}. (15¢)

The matrix T is also unitary, so T~ = T*. Thus equation (13) may be written

%=[aZ§blr]PTT+ » B TT* P* 4
B D b,

+.op+ AT 0 a
— [ai; bk]PT TPt k., (16)
0 A™ b,

where the A* are diagonal matrices with elements A*(1) as given by equation (14).
We can now define new operators C;; and C,, for which the Hamiltonian is

dlagCnal.

R = PT. (18)

where

If we expand the square root in equation (14), it will be seen to first order that
AT = gy, AT(A) ~ 4. (19a,b)
Hence, since # in diagonal form is

H = ; {A* () CHCu +A7 (1) C55.Clst (20)

we thus generate two bands of energy: one near the exciton energy, which we term
the ‘exciton band’, and one near the magnon energy, the ‘magnon band’. It will be
seen that the width is influenced by the magnon—exciton interaction, and given by the
dispersion formulae (14). Thus one may interpret C;, and C,, as representing
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magnon—exciton pairs formed as a result of the interaction g, the operator C,, being
exciton-like and C,; being magnon-like.

Putting
R;; R Rf; Ri
R = [ H 12] > then R™!'=R*"= [ 11 il] (1)
R21 R22 R12 R22
and, on performing the multiplication (18), we obtain
. 1 x(A)+y(A) 1
Ry(k; 1) = = - , 22a
ulbih) =x; [T+ {x()+ yA)} 2T e1(k) — 4 (222)
1 x(A)—y(A) 1
Ryy(k;2) = — - , 22b
kih) =x; [+ (x()—yD)T* (k) —2 (220)
1 1 1
Ry (k3 ) = — —, 22
21D = N T 07T a® =2 (22)
Raa(k; ) = ! ! 1 (22d)

N [T+ ) —yDP T ey =4

We thus have the complete diagonalization of the Hamiltonian (1), given by the
form (20). Equation (5) becomes, in terms of the operators b; and b,

G(t—t) = —o’N~! ka:, Kb (t=1)=by(t—1'), by (0)—be(0)>), (23)

giving four distinct Green functions. On transforming to the new operators C,; and
C,,, using equation (17) and its conjugate, we obtain the following Green functions,

Kb (t=1), b0
= lz;,, {Ry1(k; )Ry (K5 1) KCh Ciidd +Ryy(k; ) Ryp(K' 5 1) KCH Cand>

+ Ry (k; ) Ryy (K5 4) <<Czt., Cﬁ.'» + Ry (k; A) Ryp(K' 5 4) <<C;;.’ C;;.»} »

(24a)
Kby(t—1), b0y

= ZZA:, {RZI(k;A")RZI(k,;/'V)<<C1b Cﬁ.'» +R,1(k; ) Ryp(K'5 47){{Cyy, Cz*i'»

+Roy(k; D) Ryy (k'3 2') < Cy Ciidd + Rao(k; A) Rya(K' 5 ) <{C23, C51: D0},

(24b)
(bg (=1, b (0)))

= ;}; {Rz 1(k; )Ry (K5 2) <<C1t1, C117) +Ry(k; )Ry (K 5 1) <<C1*;., Cud>

+Ry(k; D) Ry y (K5 ) <LC %, Cy2d> +Raa(k; A) Ryp(K 5 4')<KC55, Caa )}
(24c)
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Kbt = 1), bl 0)5)
= ;ll, {R21(k; )Ry 1 (k' A)<C13, C12)) +Ray(k; ) Ryy(K'5 1)< C 1, C2))

+Rao(k; ) Ry 1 (K5 4)<Ca C1a0) + Roa(k; D) Ryp(K'5 4)<KCa Coi))}
(24d)

The commutation rules for the new operators are obtained from equation (17), e.g.

[Ci»Cii] = ka:, [Rii(k;A)ay +Rij (k; ) by, Ri{'(K'; X) aif +R3HE 3 1) bi]

= ka:, {Ryi'(k; HR{ (K5 1) [, ai'] + Rz (ks ) R (K 3 1) [by, b1}

= ; {RI{(k; DRI{(k; ) + R (ks AR (k3 )} = 6(, 2), (25)

using the boson commutation rules for a; and b, and the fact that they commute with
each other. Similarly we have :

[C21, C33] = (4, 4') (26)

and all other commutators are zero.

Using the commutation rules (25) and (26) it is possible to show that all the Green
functions on the right-hand sides of equations (24) are zero except <{Cj;, C;;>>,
KLy CHadds LKKCH, Cpy»> and ((C,;, C5,>). The equation of motion of the first
of these is

ih(%«cﬁ, Cip> = 8(t)<[C{%0), C11 (O] —A* (DK Crh, Ciad)

and, taking a time Fourier transform,

KC1 Clidde = =N 7164, 1)/ {ho+2* ()} . (27a)
Similarly

KCys Clidde = N71o(4, 1)/ {ho—2* (D)}, (27v)

KC3s Coaddo = =N 716(, 1)/ {ho+ 2~ (D)}, (27¢)

KCoi CHidde = N71o(4, 1)/ {ho— A~ (A)}. (27d)

Using the relations (24) and (27), equation (23) becomes

Gw) = —a’N"2 Y [R21(k;}t)R21(k’;l){(hw+/1+(/1))'1—(hw—ﬂ(/l))"}

kk';A
+Rpp(k; 2) Royy(k' 5 ) (Ao + A7(2)) ™ — (hoo— A= (4))~1}].
(28)
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As the elements of R are all real, the optical absorption, which is given by the
imaginary part of equation (28), is .

2
xw(0) = — aN—gk;l[Rzl(k;/1)R21(k’;i){5(hw+/1+(/1))—5(hw—l+(/1))}

+R,,(k; ) Ry (K ; 1){6(ha)+if(/l))—5(hcu— 27(4) )}] s
using
Im(x—ig) " Y,o0+ = n(x).

As both §(hw+A* (1)) and §(hw—A"(4)) cannot be nonzero, we choose the second
of these, so that

o’n

3 k;'). {Rz (k3 D) Ry (K 5 2) 8(hoo—A* (R))

x(w) = +

=z

+Ryy(k; A) Ryo(k' 5 ) 6(ho— A7 (4))} - (29)
The delta function may be written

§(ho—2*(R)) = A=) *D)1, (30)

where the prime denotes differentiation with respect to A here, and A, satisfies the
relation hio—A%(4,) = 0, or

A, = {ho(ho—e,)—g*}/(ho —&,) 31
using equation (14).
We can sum (29) over 1 if we use the density of states function g(4) defined by
(Callaway 1964)

g(l) =n~'Im (%(m D(A)) =7 'Im %(m 20 +1nD0(/1)), (32)

from equations (7) and (9). After summation over 4, equation (29) then becomes

2
x(w) = ;‘-\]—f kzk, {Ry1(k32) Ryy (k'3 2) g(A) | X (A) 171

+Rya(k; A) Ryo(K'52,) g(A) [ A~ (A,) 171} (33)
However, from equation (14)
ECT — —(e,—4)
) =412 oy 492}%) (34)

and using (31) it can be shown that, in equations (22c) and (22d) respectively,
NG = 1+ +y@)}: and A7) = T+ -yAD},

where x(1) and y(1) are as defined by equations (15¢). Thus (33) becomes

o’ 1 1 1
=3 % (Fram—r w5 o) e
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The ranges for the magnon and exciton bands are given in equation (35) by the
ranges for which g(4,) is nonzero. The ‘magnon sideband’ is considered to be the
exciton band in this expression. Apart from these two bands, equation (35) allows
the possibility of local modes produced by the presence of the defect. These will be
represented as d-functions at frequencies outside the bands given by

| DA)| = 0

(Maradudin et al. 1963). When the number of defects is », this may be accounted for
by summing over all defect sites. If we assume that all defects are identical, we may
introduce the concentration C = n/N of defects into the first term of equation (32),
provided that C is sufficiently small for the interaction between the defects to be
ignored.

For the ideal crystal, with y = 0, the matrix P becomes the identity matrix, as A
in equation (6) is already diagonal, so that the sum of any column of the submatrix S
of P is 1, that is,

N Y {e;(k)—2}"*>1 as y-0. (36)
>

Hence in this case
1°(@) = (@*n/N)go(A,), (37

where go(4) is the density of states function defined from the secular determinant (8).

It should be pointed out that although we have used the external electric field
magnitude E in expressions for y(w), this will not be the actual field present at the
exciton dipole. The true field is that which is modified by the environment of the
exciton and would more accurately be given by

E' =¢.E,
for some dielectric tensor €. :

One-dimensional Model

To illustrate the properties of the results obtained above, we consider a one-
dimensional crystal, or equivalently a crystal in which the magnons propagate in
one dimension only. For this problem we can obtain an exact analytic solution.

Now there are two nearest neighbours, z = 2, and equation (2) becomes

g(k) = gy(1 —acosk), (38)
where
g = 2JSz(1—-Sp), a=(1-Sp)~ L. (39)

The secular determinant (9) may now be evaluated by changing the sum to an integral
to give

P(2) = 1+iy/{a?e§—(eo— )}, (40)
for
a’ed > (e0—A)%. @1
Thus using equation (32)
-1
o) = 7nlgo 2 +go), “@

n{o’ed — (eo— D)’} {o’ef +7% — (60— 1)}
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with
go(A) = Nn{a’es—(eo— 1)}, 43)

and g(A) is only nonzero for the condition (41), apart from any local modes. Use of
equation (31) in (41) gives the ranges of the two bands, for « > 0:

_ go(l+a)—ef, g? %
<ho—e <7y {1 (”ﬂso(m)—az}Z) } @9
and

toll=0)=¢, "2“)‘32{1 + (1 PR )*}

te(l-a)—e,}?

_ go(l+a)—e, g9’ *
< hw—g, < s {1+(l+;’¢_————{so(l+a)—-ez}2) } 45)

For « < 0 the inequalities are reversed. Then, (44) gives the range of the exciton band
and (45) the range of the magnon band. It is the former which is usually termed the
magnon sideband.

From equations (9) and (11) we have

N? =;(__!__) =§d|9@)|,

and so, using equation (40),

‘N7 = N|eg—2|/{a®ed—(eo—A)*}3/2. (46)

Then equation (35) becomes, for a one-dimensional model,

a?n {a2ed—(eo—A,)2}3/? _
T O )

xw) =

for the two ranges (44) and (45).

The presence of the defect will also contribute some local modes which lie outside
the ranges of (44) and (45). Such modes will be represented as delta functions, of
strength equal to the concentration C of the defect, and at frequencies w given by

the solutions of
1- 'y/{(so_}‘v)z—azsg t = 09

which are, from equation (31)
go+(e’ed +7)E —&,f ( g )*}
ho—e, = =2 1£(1+ . 48
2 2 \ Heo+ (%o +7)¥ —e,} “®

It will be seen that the frequencies given by (48) lie outside the two bands (44) and
(45), and that one local mode is just above the magnon band and one just above the
exciton band. The separation from the band is dependent on y, the defect energy.
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A plot of the two line profiles is.shown in Fig. 1 for the specified values of the
parameters £y/e,, y/€,, g2/e5, @ and concentration C of the defect. The frequency
scale is given in terms of ¢,. It is seen from the figure that the effect of introducing
an imperfection into the lattice is to dramatically alter the excitonic spectrum from
that of a perfect lattice by shifting the square root discontinuity from the edges of
the two branches of the spectrum to approximately the centre of each branch (the
case when y — 0 is discussed above). The displacement of the discontinuities from

Magnon branch Exciton branch

3 % Pure crystal \

o With impurity

[N
T

Absorption (arbitrary units)

—

/

\\\"x S, NS
"/ \ ] ] ] Il

X
Xt

|
0-25 0-50 0-75 1-00 1.25
Frequency (e units)

Fig. 1. Excitonic spectrum of a one-dimensional ferromagnet with impurity, of concentration
C = 0-5, for the parameters &/¢; = 0-5, y/e; = 0-01, g?/e2 = 0-16 and « = 0-5. The exciton
branch contains the ‘magnon sideband’. The frequencies are given in units of the exciton energy &,.
For the parameters chosen, the branches have the ranges: magnon, 0-076707 ¢, to 0-455924¢,;
exciton, 1-173293 ¢, to 1:294076 ¢,. )

the exact centre of each branch is caused by the interaction g, the magnon peak being
shifted to higher frequencies and the exciton peak to lower frequencies. The effect
of g may be seen from Fig. 2, which shows the dependence of the exciton branch
line profile on g?/e (in this figure the branch has been normalized to the frequency
range 0 to 1). It is this branch which is studied in optical absorption experiments and
which is known as the ‘magnon sideband’. The magnon branch frequency is normally
of the order of 10cm™! and is thus outside the scope of most optical absorption
apparatus, while the exciton branch frequency is in the infrared or optical region and
more readily studied.

Fig. 2 shows that, as the interaction g is reduced, the exciton branch becomes more
skewed. At the same time, the result (44) shows that the width of the branch reduces
to zero, so that at g = 0 we have only a delta function at the exciton frequency. The
magnon branch becomes symmetric in the range 0 to 1 as g?/e3 approaches zero.

It should be noted that the spectrum of Fig. 1 should include two local modes at
frequencies given by equation (48). There will be one at a frequency just above the
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magnon branch (here at 0-45605¢,) and one just above the exciton branch
(1-29414¢,). As pointed out earlier, the separation of the local mode from the
branch depends on the defect energy y, approaching the upper limit of the branch
as y approaches zero.

1076 =g2/€§

016
"
3 X Fig. 2. Dependence of the
exciton branch spectrum on the
interaction g, as illustrated by
the variation in the profile for a
change in the parameter g?/e2

3 from 0-16 to 1075, As g?/e2
decreases the curve becomes more
skewed, while the width of the
branch reduces to zero (from
equation (44)). The other
parameters here are as in Fig. 1,
except that the impurity
concentration C is 0-01. Note
that the frequency range is
normalized to (0, 1).

N
I

Absorption (arbitrary units)

—

o "
X 2
! ~XR:g|
0 0.5 1-0
Frequency

Three-dimensional Model

A comprehensive quantitative account of the calculation of the excitonic spectrum
of a three-dimensional crystal will be given in a future publication, but a brief
qualitative discussion is included here. We consider a simple cubic crystal with the
vector A representing the positions of nearest neighbours in the crystal, and
|4;| = |4,] = | 45| = a the crystal lattice constant. Equation (2) now becomes

gy(k) = 2JSz{1—-2z""(cosk, a +cosk,a +cosk;a)} —2zJS?p, 49)

for k = (k,,k,,k5) and z = 6.

The difficulty with three-dimensional calculations arises from the evaluation of the
sum in equation (9), which leads to a lattice Green function (for a simple cubic
crystal) of the form (Mahanty 1966)

3 . s .
Gjpsn;2) = %fy‘d k CXE({;;‘;(;I ]2)}’ (50

where the energy band dispersion &(k) is given by equation (49) and V'* is the volume
of the first Brillouin zone. There are several ways of evaluating equation (50). Joyce
(1973) has given expansions in terms of hypergeometric functions while Mahanty
(1966) has described a Fourier series expansion. For the present case it is more
convenient to follow Mahanty’s work.
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Using the Dirac relation

lim (x+ig)™! = P/x Find(x),

g0t

equation (9) may be written (with N replaced by N for a three-dimensional crystal)

2(0) = 1 +yR(A) +inygo(A), (€1))
where
P dk
"o = s [ 2
and
go(4) = d(es(k)—4). (53)

Equation (53) is the pure-crystal density of states. The quantities R(4) and go(4) are
the real and imaginary parts of the lattice Green function (50), and Mahanty (1966)
has given Fourier series expansions for them, where go(4) = Im G(0; x) and R(Q) =
Re G(0; x).

From equations (32) and (51), we have

g()‘) — n—llm‘ ‘J’R('t) +17C?go(/1)

T+7RG) +inygo | T 9W

goD {1+7RMY} =y RDged |, ; )
{1+y R} +{my go(D)}* 9o, 9

where the prime denotes differentiation with respect to 1. As for the one-dimensional
case, the coefficient of g(4,) in equation (35) may be expressed in terms of &(4) so that

1y 1 1t N 1
NZ G ek)=2g,(K)—7 9> |R'(A) +ingoD)|

(3%)

Substitution of (54) and (55) into (35) then gives the solution of the problem (with
N replaced by N3).

All the functions in equations (54) and (55) may be evaluated by Fourier series.
It can be shown, however, that go(1) and R(1) have cusp points (the infinite dis-
continuities disappear), so that at these points go(4) and R'(4) are not defined. Never-
theless, it is expected that these latter functions will be well behaved in the intervals
between the cusp points, thus enabling a numerical determination of y(w).

The condition that g(1) be nonzero again yields two branches of the excitonic
spectrum, and in addition there will be local modes at frequencies determined by

|2()| =0, (56)

outside the magnon and exciton branches. The existence of solutions and their
values will again depend on y.
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