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Abstract

It has been noted previously that analyses of free-free transitions in the presence of an ion are
appreciably affected by neglecting the Coulomb field of the ion at infinity. We have therefore made
here an improved calculation of the cross section for the multiphoton bremsstrahlung process by
taking account of the Coulomb field in the initial and final states.

Introduction

In all previous treatments of the problem of bremsstrahlung in a strong laser
beam, the wavefunction of the electron at a great distance from the scattering centre
has been taken to be a plane wave. However, the Coulomb field due to the ion, in
the vicinity of which the free-free transition is considered, is not zero at infinity and
its neglect appreciably affects the calculations (Faisal 1973; Geltman and Teague
1974). In an attempt to further explicate the problem, we have modified the analysis
here by adopting Coulomb wavefunctions (Akhizer and Berestetskii 1965) for the
initial and final states of the electron when scattered in a Coulomb potential, since
these forms satisfy the required conditions at infinity, i.e. the wavefunction describing
the initial state must be the sum of a plane wave and an outgoing spherical wave at
infinity while that for the final state must be the sum of a plane wave and an incoming
spherical wave at infinity.

For the processes investigated in nonlinear optics, the intensity of the radiation is
less than the critical value so that the state of the medium does not change significantly
during the time of interaction with the radiation. However, when the intensity E,
of the radiation is comparable with the intensity E, of the interatomic field, that is,
E, ~ E, 2 5x10°Vcm™?, the atoms of the medium become rapidly ionized and the
substance is converted into plasma. Although processes occur in this region which
are analogous to those considered in nonlinear optics, phenomenological methods will
not now suffice for their study and a microscopic approach is essential. The problem
of scattering of electrons in the presence of laser radiation falls in this region. At still
higher intensities, quantum electrodynamical effects may contribute significantly
to the process concerned. But with the laser intensities which are presently available
these effects need not be taken into account.

Cross-section Calculation for Multiphoton Bremsstrahlung

In the presence of an electromagnetic field of vector potential 4, the exact solution
of the Schrédinger equation for an electron of momentum p in a background Coulomb
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potential of the form V' (r) = — Ze?/r is (Faisal 1973)

¥, = exp(3nn) [(1—in)exp(ip.r) F(in, 1,i(pr —p.r))
<exp( =) [ g (p—edy a).

where # = Ze*/hV and the gamma and confluent hypergeometric functions have their
standard definitions (Gradshteyn and Ryznik 1965).

If spontaneous emission is considered to be negligible compared with that resulting
from induced excitation, the probability of absorption or emission of quanta is
determined by the probability of transition of an electron from a state of momentum P
to one of momentum p’, with

Ae = (p'*—p?)2m, = +nhw.

The probability amplitude for such a transition is given by

M t
C,p(t) = _f_‘l A Ay vy,

R Y i(p?=pH' ip-p ["
= ﬁfo dl exp(% 2me ﬁ m, . . A(‘E) d‘[

x f dr V(r) exp {3+ ')} T(1—in) (L + i) expli( p—p') o}

x F(in, 1,i(pr —p.») F(in', Li(p'r +p'.7)).

The quantity under the integral with respect to ¢’ contains a periodic function of
time which can be expanded in a Fourier series:

Cpplt) = — ; {exp(i(Ae-'-hnhw)t) —1} 1 Jn(eE(p—p’)) fdr V(r) xT(r),

Ae+nhw n%hwz

where T (r) denotes r-dependent terms and Ag is as defined above.
In the calculation of the transition probability per unit time, we have

wpp’ = :l—l:‘oo({ Cpp'(t) |2/t) ’

which leads to a double summation. However, as ¢ — oo the crossing terms of the
sum (n # n’) make no contribution and the diagonal terms (n = n’) lead to the
energy ¢ function

W = Y O 5(Ae+ nhw).

n=-ow

The individual terms of the sum are interpreted as the probabilities of emission or
absorption (n = 0) of n photons because of the presence of the & function. The
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probability of absorption of n photons per unit time is given by

. = (2n/h) 8(Ae+nhw) I3 (eE(p—p')/m. hw?)

X

f dr V(r)exp{3nn(L+ A~} T(L—in) T(1+in'2)

2
x exp{i(p—p').r} E(in, 1,i(pr —p.») F(in2 ™", Li(p'ir=p'.n) | ,

where
= (1 +2nho/m, V?)*.

The transition probability should be summed over the final states of the electron.
The 8 function is removed by integrating over

p'rdp’do’ = 4p'd(p'?)do’.

Carrying out the integration and replacing the scattering probability by the scattering
cross section, we then obtain

2

27%* 4n
(n), — d me J2 - —;t -/ . ’1
Tep f 0 I O =) ) e e~ THI —oxp(—Zmi D))

X

d , , L R TI b
fTrexp{x(p—p).r}F(ln,1,1(pr —p.»)F(ini™ 4 1,i(p'ar —p'.0) | .

In the argument of the Bessel function here, 7 and 4’ are unit vectors in the directions
of p and p’, € is the unit vector in the direction of polarization of the electromagnetic
field and y = eVE/hw?.

For absorption, the quantity required is the absorption coefficient o™, which is
the number of photons absorbed per unit volume, npVs'y., where p is the electron
number density and the factor n accounts for the fact that n photons are absorbed in
each electron collision (Pert 1972). The r integral in the expression for crf,';,)» is evaluated
by putting the confluent hypergeometric functions in contour integral form (Nordsieck
1954; Landau and Lifshitz 1958; Gradshteyn and Ryznik 1965). We finally
obtain

50 = 8n2pZ2etwn sin0 d0d¢
? hEZem?2 V3 [ {exp2nn)—1}{1 —exp(—2mni~ ')}
» J2(y (1 —icosB)cos O, — Asinfycos ¢})
i3 {cos 0 —(1+4%)/22}?
x| E(ini~", in, 1, —22(1 —cos 0)/(1 — %) |*. 6
Approximations

For small fields, that is, y = eVE/hw? < 1, only the first terms in the expansion
of the Bessel function in equation (1) are required (Gradshteyn and Ryznik 1965,
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equation 8.440), and we get

oM — 8n%pZ *e®wn 1
4 hE2em?V® {exp(2mn) —1}{1 —exp(—27ni 1)}

. 1 —J.cos B)cos 0, — 4 sin B sin 0 cos "
0 dod 2n {( 0 0
8 f sinf dfdg (37) 7Z{c0s 0 — (11 1727}
x| B(ini~", in, 1, 24(cos 0 — 1)/(1— 1)) |2. @)

Comparison of equation (2) with the expression obtained by Bunkin and Federov
(1966) shows that the constant terms are identical when the exponentials exp(2ny)
are approximated as 1+2nZe?/hV. This condition is valid when n=Ze’/hV < 1,
which is the Born approximation. The only term that is different is the hyper-
geometric function which is #-dependent. However, when the quantity & = ho/mV?
is large, that is, 2 &~ (2n¢)*, this 6-dependency disappears and the results are identical
with the expressions of Bunkin and Federov multiplied by a factor | F(ina ™", in, 1) |2.
Thus, for y < 1 and & > 1, we have ' '

2 4 8
™ %‘jy_‘f’;‘(%y)z"|r«*(inrl,m, 12 f d0sin® x T(9),

where the T(0) are 6-dependent terms. We finally obtain

w _ 8TpZeton, oo
o = SE s () (2™ [Flin™, in, 1) 2
y 4n
_@2n+1){exp(2nn)— 1}{1 —exp(—2mni~1)}

_ 2n3Z *e®n ' (eEnfm.V w)*"
(2n+1)2n)*h°w°E ¢ {exp(2nn) — 1}{1 —exp(—2nni~ 1)}’

(3
For la;rge fields and s](;w électrons, thatis, y > 1 and ¢ > 1, the asymptotic value

of the Bessel function is used in equation (1), with the result

w _ 8%pZ*on  F(in2né,in, 1) © 2In2
2 E*chm? V> {exp(2nn)—1}{1 —exp(— 2nn/2né)} p(2n)*”

Thus it is seen that the results of the present calculation differ from that obtained
using perturbation theory which predicts ¢ ~ 1", where [ is the laser intensity and »
the number of quanta absorbed or emitted.
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