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Abstract

Functional integral calculus (FIC) methods are used to transform the meson-diquark bosonisation
of quantum chromodynamics into a meson-baryon effective action description of the low
energy states of QCD—the hadronisation of QCD.

1. Introduction

The hadron family of particles includes the well known mesons m,p,w,..
and baryons p,n,.. and together they play key roles in the quark sector of
matter, for the hadrons are bound states of quarks. The quarks, and the gluons
through which they interact, correspond to the quantum fields of quantum
chromodynamics (QCD), but are themselves not directly observable. The main
problem of QCD is to extract its mass spectrum, and other observables, and
to establish that these correspond to the hadronic phenomenon. One way to
define this problem, and also a means for proceeding to a solution, is to
consider the functional integral calculus formulation of the mass spectrum
problem. We have in, Euclidean metric,

S exp(~EnT) = j DADaDA%A{AS] exp(-SIAS, 7, g, (1)

where T is a finite Fuclidean time variable and {E,} is the energy spectrum
of QCD. Lattice gauge theory (LGT) is a fairly direct numerical modelling
of (1), but an accurate lattice study of the low energy mass spectrum is
computationally formidable, more so in the chiral limit as the low current
masses of the u and d quarks are approached and the pions become very low
mass and finally (massless) Nambu-Goldstone (NG) bosons.

A more powerful and practical way to proceed is to apply the new
techniques of functional integral calculus (FIC) to (1). This integral and
differential calculus is the ideal mathematical language for quantum field
theories, and its development appears to mirror that of ordinary calculus
as the language of Newtonian physics. As individual quarks and gluons are
not directly observable they do not appear as states represented in the QCD
spectrum, and hence, while they are the defining fields of QCD, they are
inappropriate variables of integration on which to base approximations to
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(1), in contrast to the conventional approach to quantum electrodynamics,
for example. The idea of the FIC approach to QCD is to change variables
in (1) in such a way that the new variables correspond to quantum fields
whose mass spectrum is that of the low energy states of QCD—presumably the
hadronic states already mentioned. The choice of the fields introduced through
successive changes of FIC variables is actually controlled by the dynamics of
the quantum field theory under consideration, that is, it is not an arbitrary
choice if a meaningful analysis is to proceed. For example, in Cahill and
Roberts (1985) and Roberts and Cahill (1987), a change of variables to colour
1. and 8. bilocal ggq variables was made which, while useful in extracting
meson observables, was also limited by the fact that the 8. bilocal fields do
not appear to play any meaningful role in QCD (related to the fact that gluon
exchange is repulsive for these gg states); hence this choice of FIC variables
halts any further analysis, and in particular the introduction of baryonic FIC
variables. Kleinert (1976) and Schrauner (1977) have studied the use of bilocal
fields, but without consideration of the colour algebra.

However in Cahill et al. (1989b, present issue p. 161) 1, meson and 3.
and 3. diquark FIC variables are introduced in place of those in (1). This is
very significant as all of these variables correspond to bound states of QCD,
though in the diquark case they occur as constituents of 1. baryons. Thus
(1) may be written

S exp(-EnT) = J DTDp...Dd.Dd* exp(-Sl, .. d, .d*]), @
n

where the d and d* variables represent all the local diquark fields (successive
effective actions are labelled by their arguments). Equation (2) is a meson-
diquark bosonisation of QCD, that is, the FIC variables are all bose fields.
While the diquarks are not expected to be strictly represented in the QCD
spectrum, as their colour charge is expected to lead to their confinement, there
is growing experimental and phenomenological evidence that they correspond
to qq correlations in baryons, which are gqq bound states. It also appears
that they may be assigned effective masses. However one of the fundamental
difficulties in FIC analysis up to now has been the complete lack of any
convincing way of introducing a change of FIC variables so that they now
include Grassmannian baryonic variables. Clearly (2) represented progress
in this direction, but how are Grassmannian fields to arise from the above
bose fields? The answer to this riddle actually lies in the fact that the
effective action S[m, .. d,..d*] in (2) is an infinite series in the diquark fields, and
that the diquark integrations in (2) produce functionals which are naturally
representable in terms of baryonic FIC variables. Hence the purpose of this
work is to show that (1), via (2), may be hadronised, that is, written as

Z exp(=E,T) = J DmtDp.DN..DN..exp(=S[m,..,N,N, .]), 3)
n
where N and N represent the complete set of 1. baryon variables (each

corresponding to a particular baryon). As we will note, the FIC change of
variables fully specifies the meson-baryon effective action in (3), that is,



Hadronisation of QCD 173

its form together with the values of the various parameters such as bare
masses and coupling constants, all of which are ultimately determined by the
underlying quark-gluon dynamics. Of course the FIC technique provides a
systematic procedure for calculating the effective action, but one which must
be truncated to be practical. The truncation criterion is to be based on the
long wavelength approximation. There are two aspects of (3) not resolved
in this paper; first whether, in addition to the usual hadronic variables in
(3), there must also be present variables describing exotic states such as
diquark-anti-diquark states etc., and second, how the local gauge invariance
of QCD manifests itself in (3). However FIC analysis is still in its early days
and rapid development can be foreseen. One of the important features of
this analysis already established is that it is ideally suited to the chiral limit
of QCD, unlike LGT, in that the degenerate vacuum structure of QCD is most
easily studied and the consequences of the hidden chiral symmetry carried
through to the effective action in (3). As well we have Lorentz covariance and
the dynamical consequences of the colour algebra, which is so significant to
the formation of the baryon states. Finally we draw attention to the fact that
because the FIC analysis uses non-local field variables, which are then reduced
to an infinite set of local field variables, all integral equations and functional
expressions are finite—no regularisation is needed. This is to be compared
with FIC analyses which proceed entirely through local field variables, leading
to divergent expressions for observables. Our experience with the non-local FIC
analysis of QCD points to the conclusion that divergences are not necessarily
a part of quantum field theories in four dimensional space-time. They are
more likely a consequence of bad analysis or the wrong theory.

In Section 2 we recall and extend the FIC analysis that led to (2). Section 3
presents the analysis which extracts baryon states from the diquark integrations
and gives the hadronisation of QCD.

2. Meson-Diquark Bosonisation

Here we outline the FIC analysis which takes us from (1) to (2) (see Cahill
et al. 1989b), but in doing so we provide a new general technique which
implements the transformation from bilocal to local FIC boson variables. It is
convenient to take T — o as we shall be able to infer the mass spectrum from
the resulting effective actions. This avoids the need to deal with boundary
conditions. We need only keep T finite if we are interested in genuine finite
temperature and density effects. The defining QCD action is

1

S[Aara! q] = J d4x (%FﬂVFﬂV + ZE

_ . Al
(8uAZ)2 +q{yu@u - lgTA,‘j)}q) ,

F4, =0,A%—3,A% +gficAbAS a=1,2.8,
and we add source terms to S, viz.

—j d*x(iq +3n + JAAS),
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and in the presence of sources we call the RHS of (1) Z[J,7,n] . Here we
consider massless quarks and as well as the local colour symmetry the action
then has global chiral symmetry G = UL(Ny) ® Ug(Nf). As shown in Cahill et al.
(1989b) (1) may be written, using various FIC techniques,

z= J DBDDDD* exp (Tan(G[fB]”l) + 1TrLn(1 + DGIB]T DGIB))

] Bg_g‘i_j [ %—R[RD,@]), (4)

in which we finally put J=0,n=0 and §=0. Here B is a matrix valued
colour-singlet bilocal meson field, while D and D are colour 3 and 3 bilocal
diquark fields, respectively. To complete the meson-diquark bosonisation we
must now write (4) explicitly in terms of the (in principle) infinite set of meson
and diquark states, as in (2). To illustrate the general technique consider the
meson sector of (4) only (i.e. with D, D* = 0);

Z= J DB exp(-S[B]). (5)

First the ‘vacuum’ configurations must be determined as the solutions of the
Euler-Lagrange (EL) equations 6S/68B =0, which become

M8\ SRI[B,0,0]

BY(x,y) =D(x — tr(G(x, ,B)—’—'l)——'—’— s

&,y y)[ v [B)= 5500

which is the Schwinger-Dyson equation. This a non-linear equation for the
{B?}, and only translation invariant solutions, depending only on Xx—y, are
known. This equation has degenerate solutions and an analysis, similar to
that in Roberts and Cahill (1987), shows that in the vacuum G has the form

G(g)™ =iA@)q.y + VB(),

where V = exp(i\/2ysm?F4) and {m?} are arbitrary real constants | 1r|€ [0, 277].
Thus in the chiral limit the vacuum is degenerate and is the manifold G/H
where G is the chiral group and H = Uy < G. Thus the chiral symmetry is
represented as a hidden symmetry. Let us now change variables in (5) so
that B=0 is now the vacuum. It is convenient here to give the quarks small
current masses to avoid dealing with the degenerate vacuum. Expanding S
about its minimum gives

SIBl= S SulBl,
n=0,2,3..

where S, is of order n in B and we write Sz = } [ BA;1)®B%. Introducing
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bilocal source terms in (5) we have, with §=5-5>,

=j DBexp (-S'13]-52[8] + f 5)°)
= exp(-S'[ - ])J D’Bexp( J %B"(A;,})"W’BMJ BQJG)

= exp(-S'[-= ]>exp( LTrLn@A;h) + j JBm)). ©)

Now

ln(Ak(Pz))

Trln(Ay}) = ZJ d*x J
= TrLnAk(@&* (x - y))
k

(see Appendix), and hence we may construct the local-boson-field FIC
representation

exp(—} TrLn(A;}) = j ]‘[Dmkexp(—z§ j mk(xmk(m)a‘*(x—y)mk(y)), 7)
k

where 0=-02 and where Ax(P?) are the eigenvalues of A;! (in momentum
space);

| (d 9 (A-1)9% (p, q; ) (a; P) = A (PRITE (p: P). (®)

We have the orthonormality relation

| (d 9 I'(@;P)i(a;P) = N6,

and the corresponding completeness relation

> I'k(@; P)Y[k(p; P) = N6*(q ~ p).
k

Note that in (7) the LHS functional Tr involves a double space-time trace,

[ d*xd*y, appropriate to bilocal fields, whereas the RHS has only one
space-time trace. Equation (7) is a fundamental identity as it implements
the reduction of the bilocal FIC meson (and diquark) formulation to local FIC
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variables, and exposes the physical content of (4). In fact we can write (6) as

ZU] = exp(-S-2 ])j [1Dmycexp (- ;j MA@ M)+

+j Jergmy), )

where {my(x)} is an infinite set of local meson fields, each corresponding to
one physical meson state, and we have used the spectral expansion

W p.a:p) = 5 ST P T @)
k

Applying the functional operator exp(-S'[6/6J]) and then, with J— 0, we obtain

Z= J [[Ppmy exp (—Z 3 J M (XA ()M (x) —S’[l"fmk]) .
k

By explicit evaluation of S’[F,fmk], and identifying the mesons by their quantum
numbers, we obtain the local FIC representation of the meson sector of (4)

Z= J DrDpDw...exp(=S[m, p, w,..]), 10)

where

2 2
st p,.1= [ a{ Eri@,m2 + m2r+ o ip,0p,

2
+0upu)? + mipi)+ 2o — W]~ fof rGpmmpy Tt X Dyt

_ifwfgeuvmwpa vITLOGTT X 07T = if wfpfrGuwpn€uvorWy0vpP .0+ T+

8(})\ 5 €uvortI{(TT.TO Y TT.TO Yy TT.TO ¢ TT.TO 7 TT.T) + ..ceee ] +S[0,...], 11)

where we have written A;(P?) = (P2+mJ(P2)2)N'§fJ2 where m;(P?) are the running
1

meson masses, and N“zfj is the slope of AJ(P2) at its zero P2 mJ, and we

have rescaled the fields m(x)—>N4 m(x). We choose N such that the above f2
agrees with the value in Cahill et al. (1987).

The imaginary terms in this meson action are the chiral anomalies of QCD.
In (11) we give the long wavelength limit of the effective action—in general the
coupling constants, such as gynrr are non-local (i.e. momentum dependent).
The leading terms in the expressions for the various meson parameters in (11)
are given in Praschifka et al. (1987a, 1987b), where it is the good agreement
with the experimental values of these parameters which implies that we have
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indeed identified a viable truncation procedure. All these parameters are
given by convergent integrals, and no regularisation is required. This follows
from the presence of the Iy, which are the meson form factors, and indeed
it is seen that (8), for A(P?) =0, is the Bethe-Salpeter equation for the on
mass-shell form factors. We have transformed (8) (Cahill et al. 1987) into a
mass functional variational problem, but it may also be solved directly. By
keeping the momentum dependence of g,rr Roberts et al. (1989) have shown
that the m— 1 loop contribution to the p propagator, which arises from the
integration in (10), generates a (finite) mass splitting between the w and p,
comparable with the observed splitting.

When the quarks are massless special techniques are needed to deal with the
degenerate vacuum manifold, for in this case the NG bosons form homogeneous
Riemann coordinates on the vacuum manifold, and we must use the matrix
field U(x) = exp(i/2m%(x)F?) where V(x) = PLU(x)T + PrU(x) = exp(i/2ys T4 (x)F%). In
the chiral limit it is important to note that B(g) of the quark propagator is
also the NG boson form factor, as may be found from (8). This is discussed
more explicitly in Cahill et al. (1987). For this reason the ground state
pseudoscalars, in the chiral limit, play a dual role: they are at the same
time both the NG bosons associated with the hidden chiral symmetry and
also gg bound states. This is important also in the non-local coupling of
these pseudoscalars to the baryons. To maintain the hidden chiral symmetry
necessitates a derivative expansion in 9,U(x), and we obtain (Roberts et al.
1988), for the NG boson sector only (here M is the quark mass matrix)

2 2
J d4xfz’1[(a,,n)2 +m$r172]—»J’ d4x(f£-tr(8,,,U8uUf)+K1tr(82U62UT)+
+K2tr([0 4, U2, Ut 1?) + k3tr(@ , U2 U9, UD, UT)+
+Lu(1-u- UT],’M)+....). (12)

As derived in Roberts and Cahill (1987) under a chiral transformation G = U; ® Ug,
Ulx) — ULU(x)U;Q, and (12) is of course invariant under this mapping (except
for the mass term). From this action we easily obtain the Gell-Mann-Okubo
mass formula for the pseudoscalar octet 4m? =m,2,+3m,21 and expressions for
the -1 scattering lengths (a8 and aé) which reproduce the Weinberg result
ad/ag =-7/2. The action in (12) is that of the non-linear o-model (NLSM), with
all parameters frm,K1,..p,.. being finite and fully specified by the underlying
quark-gluon dynamics. However (12) is only the long wavelength limit of
this derived NLSM. If one wishes to study the quantum mechanics of this
system, by carrying out functional integrations over the matrix field U(x), it
will be necessary to keep the full non-locality of the above parameters, or
equivalently, in momentum space, their momentum dependence. In this way
we would see that there are no divergences associated with the quantised
NLSM, even in four dimensional space-time. Again this is due to the extended
nature of the NG bosons.
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A similar transformation to local FIC variables is also possible for the
diquarks, but this is a part of the baryonisation of QCD and is considered in
the next section.

3. Baryecns

Here we show that the diquark sector of the meson-diquark bosonisation
(4) generates the colour singlet baryon states of QCD. The meson dressing
of these (bare) baryons also follows from (4). As we wish to be explicit we
shall not discuss those extra (and more complicated) processes arising from
R[B,D,D]. Hence we will consider

— t
ZU* 1 = j DDDD* exp(%Tan(l +DGTDG)—J 92_1137_+

+I (]*D+D*j)), (13)

where the bilocal diquark source terms facilitate the analysis, and in which
G = G[B,], where B, are the vacuum configurations for the meson sector.
Meson couplings arise from retention of the full B. We will not discuss here
the possibility that there may be non-zero diquark field configurations in the
vacuum, i.e. diquark condensates. The existence of these can be studied
using the full EL equations for the total action in (4).

First consider the physical meaning of the }ZTan in (13), which on expansion

Fig. 1. Single loop processes corresponding to the terms in (14). Note that the quark lines
alternate in direction in accord with their coupling to the diquark fields. These loops also
represent the terms in & of (19), in which case there are functional derivatives at each
vertex.
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gives

00 (n+1) o
Z ~—  Tr(DGTDG)", (14)

and which are single loop processes (see Fig. 1), but with the quark lines

alternating in direction, in accord with their coupling to the diquark and

anti-diquark fields. These loop structures are the key to noticing that Z[0,0]

contains contributions representable in terms of baryonic FIC variables. The

derived effective action for these fields is that of all the known baryon states.
Using (14) the action in (13) has the expansion

S[D*I D] = ZSn[D*; D]!

and we write S; = | Dd’*(A;l)‘i’WfD‘V. Defining §'=S-51, (13) can be written

ZIJ*,J1 = exp(S'[—= ])J DDDD* exp( J D*A;1D+I U D+ D*J)),

5]*’6_]

—exp(S’[ ])exp( ~TrLn@A;h) + j J*Adj), (15)

o' éJ

where A;l has eigenvalues and eigenvectors (which are the diquark form
factors) from

AT (p,q; PYIY (q: P) = M (P (p: P), (16)

(2 )4
and whence the spectral expansion,

2% p,q:P) = L S 1 PAT PAIY (g: P)* 17)

d Da;P) =5 > T (i PIAL (PO (q; P (

Praschifka et al. (1988a, 1988b) have extensively studied (16) in its mass
functional form (Cahill et al. 1987) and effective masses and form factors for
the 0%,07,1" and 1~ ground state diquarks have been obtained. One expects
that (17) may be truncated after only one or two terms as the higher mass
diquark states will not contribute to the lower mass baryon states. It is also
important to note that the sum in (17) is purely discrete, that is, there is
no continuum contribution. This is because the quark propagators G[B,] are
confining, that is, the propagators have no poles on the g2 <0 axis. Hence
there is no ‘ionisation’ threshold leading to a continuum. To simplify the
notatlon we will now only consider one term in the sum (17) and, with the
JP= baryon octet (p,n,A,%,.) in mind, we keep the first JF = 0* scalar diquark
(WhICh has an effective mass of ~ 0.6 GeV). The above comments imply that
the ggq correlations in baryons are influenced by only a few diquark states, and
this should have strong implications for the baryon structure functions. In
fact (Praschifka et al. 1988a, 1988b) the calculated diquark form factors show
strong peaking, which causes a quark constituent mass effect in diquarks.
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(a)

— P

(b)

Fig. 2. (a) Three-quark loops arising from Fig.l1 when diquark propagators are attached
between vertices. Shown are orders n = 2,3,4 with clockwise diquark propagators. The
anti-clockwise diagrams contribute equally, giving a factor of 2 (except for n =3 for which
there is only one diagram). While the even order amplitudes may be drawn as planar graphs,
odd orders are necessarily non-planar. The cross-over pattern for the diquarks has no
significance other than to see how Fig. 3a is obtained. (b) The kernel of the above loops.

e

(a)

Fig. 3. (a) A closed double helix of QCD—a baryon loop. To reveal the three-quark or
baryon loop form of the diagrams in Fig. 2a, and in a form valid for all orders, they have
been deformed into the above (an 8th order diagram is shown). (b) The kernel of the above
loops, which is topologically identical to that in Fig. 2b.
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With the above truncation we can obtain from (15) a simplified version of
(13), using the general methods of Section 2,

ZU* ] = J DdDd* exp (4 TrLn(1 + }d*TMoCTGTC Mol dG)+

—J d*dj %+j (j*d+d*j)), (18)

where j is a local source for the one scalar diquark, and M8f=—\/;1;iysepef
where p=1,2,3 and f=1,2,3 are the colour and flavour indicies of the 3.
and §f scalar diquarks, and I is the form factor. The second order term in
(18) has the form — [ d*Aod. Then

ZU* ) = exp (—S'[%(%.]) exp ([ 23L). (19)

in which & is a sum of loops, as in Fig.1, but with the functional derivative
operators 6/6j* and 6/6j at alternating vertices, and with My... at each vertex.

Evaluating (19), and with j*,j— 0, we find that Z[0,0] has the form exp(W)
where W is the sum of connected loop diagrams, with the vertices now joined
by the diquark propagators. Of particular significance is that infinite subset
of diagrams which will be seen to have the form of three-quark (i.e. baryon)
loops, as in Fig. 2a. These come with a combinatoric factor of 2 (except for
the order n =3 diagram) which cancels the % coefficient of the TrLn in (18).
These 3-loops are planar for even order, but non-planar, with one twist, for
odd order. To exhibit the three-quark loop structure in Fig. 3a we show a
typical diagram from Fig. 2b after deformation, revealing a closed double helix:
a diagram of order n is drawn on a Mobius strip of n—1 twists. This infinite
series may be summed as the diagrams are generated by the kernel K, defined
by the one-twist diagram, shown in Figs 2b and 3b. The weightings are such
that (except for the third order diagram) all the double helix diagrams may
be summed to TrLn(1+K)—TrK = Wz —TrK. Thus

Z[0,0] = exp(Wg + Wg),

in which Wy is the sum of the remaining diagrams (see discussion later). To
determine the content of Wz we consider the eigenvalue problem for 1+K;

(1 +K)Pr = Ak ¥, (20)

which in mometum space has the detailed form (see Fig. 4)

d4 . .
J ( 2"‘)74 K(p,@: PEEI WY (a: P) = (PP — Yor(p; P), 1)

j,oh . . -
K(P,q;P)?ff’yl = Z ler(:'yaaelf,'lysCTGTCleseﬁngﬁhrG?\ol,

i6
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Fig. 4. The eigenvalue equation which determines the spectral content of the infinite
sum of double helix amplitudes of the form in Fig. 3a. The eigenvectors ¥ are the
baryon-quark-diquark form factors. The baryon masses are found from A(-M2) =0.

in which the (momentum) arguments may be inferred from Fig. 4 and (23),
and A is the scalar diquark eigenvalue, (16). Equation (21) is a bound state
equation for a three-quark state in which the paired quarks form a scalar
diquark. It is a simple matter to generalise (21) to include further diquark
states from the spectral expansion (17), but in doing so we note that the
generalised (coupled) equations still have only one [ d*g because (17) has
only a discrete spectrum, due to the confining nature of the quark propagator.
In (21) P is a Dirac spinor and as well a second rank tensor in both colour
and flavour. To isolate the baryon octet we extract

¥ = ¥ - Lvaisy,

which transforms as a colour singlet and flavour octet. Equation (21) then
becomes, after simplifying the Dirac algebra,

d*q . . 2 .

et K(p,q,P)¥(q;P) = (A(P°) - 1)¥(p; P), (22)

P P P P -1, P
K(p.a:P)==§I(G +q+ 5.5 PTG +p+ 5.5 A (5 -

XG(~q — p)G(g +q). (23)

Equation (22) is the basic equation for the Jf = %+ baryon octet where ¥ is

the nucleon-quark-diquark form factor, and has been proposed by Cahill et
al. (1989a, present issue p. 129) using non-FIC methods. Initial numerical
studies of (22) by Burden et al. (1989, present issue p. 147) show that it has
a solution, that is, the quark-diquark rearrangement mechanism is attractive,
and has a lowest mass state, determined by A(-M?)=0 of =1 GeV. In (23) Aj!
is the diquark propagator, and we find, using the mass functional formulation
of (16) that Ap'(p?) = 18f52(p? + md)™!, where folI']l is the functional defined
in Cahill et al. (1987). One can also show (Cahill et al. 1989a) that the
baryon eigenvalues A(P?) of (22) are chiral invariants, and hence so are the
baryon masses. The baryon equation (20) is thus Lorentz and chiral covariant,
incorporates the colour algebra (without this algebra the exchange of spin-1
bosons between 2 fermions is repulsive), and has bound state solutions.
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Let us now construct an appropriate FIC representation for exp(TrLn(1 +K)).
To this end note that analysis of (22) shows that an eigenvalue for positive
energy solutions, with degeneracy 2 (for spin 1 and ), has the form

AMP?) = (M(P?) + i yP2a(P?)F

(define F so that a =1 when A =0, then Mi(P?) will be seen to be baryon
running masses), while for negative energy solutions (anti-baryons) Al = @Al
Thus, from the spectral representation for 1+K,

d4p
(2m)*

exp(TrLn(1 +K)) = exp (Z n J d4xj A% P?)?) + ln(AE(PZ)Z)]),
3

where k sums the ground state and excited baryons states of (22), and the
squares in the In’s arise from the spin degeneracy, and n=_8 from the flavour
degeneracy (put a =1 for simplicity), giving

a‘p
= 4 2 2v2\2 4
_exp(gnj d'x | SrInl(P? + M (P)?) F)
= exp ( S ATrLn[(y.d + Mc(@)FE8* (x - y)])
k

- j [ DN«DNy exp ( - Zj dUxN(0(y.0 + Mk(u))F,ENk(x)), (24)
k

in terms of Ny and Ny each of which is a flavour octet of local baryonic
spin-3 FIC variables. Hence the exponentiated sum of the closzd double helix
diagrams is representable as a (free) baryon field theory. The Fx may be
absorbed with a re-definition of the nucleon fields. Other more complicated
(including baryon multi-loops) diagrams are present and constitute a wealth
of dressings and interactions between these (bare) baryons. Of some interest
would be the terms describing nucleon-nucleon interactions via quark and/or
diquark exchange. These are not meson mediated interactions and would affect
the short range nucleon-nucleon force. As for the meson-baryon couplings,
these may be systematically extracted by keeping the full B dependence
in G[B] in (13). Such couplings are non-local, which makes all quantum
fluctuation calculations, such as pion dressing of the nucleon, finite. For
small quark current masses we have already shown (Cahill et al. 1989a) that
the baryon equation (21) leads to multiplet splitting in accord with the well
known Gell-Mann-Okubo and Coleman-Glashow formulae.

The long wavelength limit of the NG-boson-baryon coupling may be inferred
from the chiral invariance of (23). Now

TrLn[(y.0 + M(@))6*(x — y)] = TrLn[(y.0 + VM(@))5*(x - y)]

reflects that invariance in (29), where V = exp(iy/2ysm?T4), with {T9} the
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generators of SU(3r) 8 representation. Then combining the results above and
from Section 2, we finally obtain, on expanding V to first order in 74,

z= J Dr..DNDN.. exp( J[ Im(@,m2 + m2m?) +..

+tr{N(y.0 + my + Amy + myJ2iys T T4 + )N} + 1) (25)

in which the baryon octet is finally written as a 2nd rank tensor, N=N474,
where the {79} are generators of the SU(3f) 3 representation (Cahill et al.
1989a). We have shown m; and Amy which are mass terms from the chiral
symmetry breaking quark current masses, while my is the ‘chiral mass’ of the
baryons, determined by )\(—mN) 0. Keeping in (25) the momentum dependence
of M(P?) leads to the form factor Fryn.

The extraction of the full meson-baryon and baryon-baryon interactions
requires more detailed techniques, but the derivation here of (25) from (1)
does demonstrate the hadronisation of QCD.

The detailed form of (20) is easﬂy determined for the other baryon multiplets,
particularly the well known 3 ? . An important application of this formalism is
to the magnetic moments and structure functions of the baryons.

4. Conclusions

We have presented here the FIC techniques that reveal the low energy states
of quantum chromodynamics—the colour singlet §g mesons and gqq baryons.
The necessary intermediate stage of a 1.—3.- 3, meson-diquark bosonisation
leads directly to gqq states—the baryons. The resulting baryon equations are
simple to solve and easily extended to include numbers of diquark states.
They are Lorentz and chiral covariant and include the colour algebra, which
is the key to the existence of gqq bound states. The resulting hadronisation
is succinctly and elegantly stated as a dynamically determined change of
integration variables;

J DGDGDA exp(=SIA, 7, q]) = J DDp.DNDN..exp(=S[m, . N.N, J).

The complete meson-baryon effective action has all parameters determined
by the underlying quark-gluon dynamics and is ideally suited to the u—d
mesons and baryons, as this analytic approach allows a complete description
of the hidden chiral symmetry, and a simple perturbative account of the
consequences of the small chiral symmetry breaking quark current masses.
The natural non-locality of all hadron couplings means that as a matter of
principle there are no divergent expressions in the quark physics. Hence QCD
has been an ideal problem in which to develop a mathematically and physically
sensible analysis of how quantum field theories behave: It is not necessary
for QFTs in four-dimensional space-time to be associated with infinities.

The above integral identity is perhaps also archetypal to our understanding
of matter. We might expect to the left of this equation another identity relating
quarks and gluons to some more fundamental variables, while to the right
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further changes of integration variables leading to the field variables of nuclear
physics. The mappings of the effective actions ..— S[A,7,4] — S[m,.,N,N,.] — ..
correspond to an increasing scale of the collective phenomenon: at the
appropriate wavelengths we see meson-baryon processes while at shorter
wavelengths we see quark-gluon processes. It is in the hadronisation of QCD
where we see most clearly the development of such mappings and the FIC
techniques which bring them about.
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Appendix
Consider, for example, a 2 — 2 particle translation invariant kernel, K(x, y; u, v).

Then the momentum space eigenvalue equation is
d%g

G K@ P¥i(a; P) = Ax(P)¥x(p; P).

The completeness relation is then

K(p,a;P)= > Pi(pi PAk(P*)Pi(a; P)Y,
k

where the orthonormality relation is (Y, ¥;) =0dk. Then
TrLn(K) = TrLn(1 + (K- 1))

0 (_l)rH-l

=Tr (K-1)"

n=1 h



186 R. T. Cahill

_1\h+1
(—lr)l— j d4xd*y(K - 1)"(x,y; x,y)

3 (_1)n+1 4 d4P 2
_;§ ) jdzj G P =)

d*p
_ 4 2
= Ek J d zJ o In(A(P%))

= > TrLnAx(@&*(x - y)),
k

where 0=-0,0,, and any degeneracies are included in the k-sum. The [ d*z
factor is the space-time volume.
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